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Abstract 

In this paper we investigate in detail the correspondence between Eut and Romans' mas- 
sive deformation of type IIA supergravity. We analyse the dynamics of a non-linear sigma 
model for a spinning particle on the coset space Eio/K{Eio) and show that it reproduces 
the dynamics of the bosonic as well as the fermionic sector of the massive IIA theory, within 
the standard truncation. The mass deformation parameter corresponds to a generator of 
-Eio outside the realm of the generators entering the usual D = 11 analysis, and is naturally 
included without any deformation of the coset model for Eio/K{Eio)- Our analysis thus 
provides a dynamical unification of the massless and massive versions of type IIA super- 
gravity inside Eio- We discuss a number of additional and general features of relevance in 
the analysis of any deformed supergravity in the correspondence to Kac-Moody algebras, 
including recently studied deformations where the trombone symmetry is gauged. 
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1 Introduction 

Deformations of supergravity theories form an important part of the low energy limit of 
M-theory. By a deformed supergravity we mean a theory that is different from standard 
Kaluza-Klein reductions of maximal D = 11 supergravity (to which we restrict in this 
paper). Often, these theories cannot even be obtained by other types of reductions or 
compactifications from D = 11 and are therefore to be interpreted as genuine new low 
energy actions for M-theory. One of the pertinent features of deformed supergravity theories 
is that they support domain wall solutions which are required to maintain invariance under 
the duality symmetries expected from an underlying string theory description. The most 
prominent example of this phenomenon is the D8-brane of type llA string theory that can be 
reached from lower-dimensional branes by sequences of T-dualities [1]. However, there is no 
corresponding supergravity solution in undeformed type IIA supergravity in D = 10. Only 
when considering a (mass) deformation of type llA supergravity (constructed by Romans 
for different reasons [2]) can one accommodate the D8-brane [1]. Similar results have been 
obtained for many other deformed supergravity theories, most of which are so-called gauged 
supergravities, see for example [3]0 

^Another common deformation is to add a cosmological constant but this is not always consistent with 
supersymmetry. Notably in D = 11 the cosmological term is disallowed [4]. 
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Therefore any attempt at describing M-theory, at least at low energies, should be able 
to reproduce these deformed supergravity theories. One possible approach to M-theory is 
via Kac~Moody symmetries, notably Eiq [5-8] and En [5-7,9-11]. Considering suitably 
truncated non-linear realizations of these infinite-dimensional symmetries has led to per- 
fect agreement for the spectra of fields appearing in undeformed (super-)gravity theories in 
various dimensions, where the spectral analysis is carried out using a so-called level decom- 
position [9,8,12-14]. For Eiq there exists a one-dimensional sigma model whose geodesic 
equations of motion are conjectured to describe the dynamics of M-theory and this has been 
verified in a low level approximation for undeformed maximal D = 11 supergravity [8, 15]. 
A more precise form of the conjecture states that one has to consider a constrained geodesic, 
which mirrors the canonical constraints present in supergravity [16]. It has also been anal- 
ysed how to add fermions to the geodesic sigma model, with good agreement for both 
kinematics and dynamics [17-21]. Similarly, for En a dynamical realization has been dis- 
cussed [9] based on non-linear realizations and an algebraic construction of infinitesimal 
diffeomorphisms [22, 23] and it was argued that this construction agrees with undeformed 
supergravity. 

In a recent development it was observed that the spectral analysis of Eiq and En also 
yields all the fields required for deformed (maximal) supergravity theories in various dimen- 
sions [24-26] i These arise via forms of high rank, specifically (D — l)-forms for deformations 
in D dimensions Ifl It is worthwhile to emphasize that the Kac-Moody generators associated 
to the usual gauge deformation parameters are never part of the underlying or Eg alge- 
bra but genuine Eiq (and hence En) generators. This is in contradistinction to the fields 
of the undeformed theory. 

This paper addresses the question to what extent the deformation parameters also ap- 
pear correctly in the dynamics of the geodesic model of Eiq. This will be done specifically 
in the case of the Romans' deformed IIA supergravity theory, where the mass m is the 
only deformation parameter. It corresponds to a generator on level £ = 4 in parlance rele- 
vant for D = 11 supergravity and hence outside the realm of generators considered usually. 
The analysis here will be carried out both for bosons and for fermions and we will show 
agreement within the expected limitations of any known Kac-Moody/supergravity corre- 
spondence. Importantly, all terms associated with the mass deformation work perfectly. 

The mass parameter was already identified for cosmological billiards [34] and in the level 
decomposition in [14] and studied in [35,36], with an emphasis on the D8 brane in [37,38]. 
The present analysis completes the picture by giving a complete and detailed account of the 

■^Related work for non-maximal supergravity can be found in [27-29]. 

^In the case of gauged supergravity, there are (quadratic) constraints on these {D — l)-forms [30-32] 
which appear in the tables of En (only) as D- forms [24-26]. For Eio the quadratic constraints appear to 
lie in a multiplet of constraints [33] together with the other canonical constraints. 
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fermions and bosons (as well as their supersymmetry) up to the level of the mass parameter 
in an s[(9,R) C eio := Lie Eiq decomposition. Furthermore, our analysis highlights several 
features relevant to deformed supergravity. 

1. The EiQ coset model and fermionic representations we use are completely unaltered 
with respect to the ones successfully employed for the comparison with D = 11 su- 
pergravity and undeformed IIA and IIB supergravity [36]. In particular, there is 
no deformation of the Kac-Moody structure underlying this algebraic approach to 
M-theory. This is different from proposals for the relation between En and gauged 
supergravity [24,26]. 

2. In our approach the mass deformation can be included in the sigma model formulation 
without deforming the Eiq structure because the comparison always takes place in 
terms of gauge-fixed variables on both the supergravity and the Kac~Moody side. This 
allows to maintain the usual derivative and coset variables, as well as the gauge algebra 
structure. The gauge fixing re-enters in a consistent way via constraints. These issues 
are discussed in detail in Section [5l It is important to note that although this gauge 
fixing is chosen because it makes the E'lo/supergravity correspondence particularly 
transparent, we of course expect that ultimately the physics should be independent 
of any particular gauge. 

3. The mass (or more generally all deformation parameters [33]) arise as integration 
constants of the geodesic equations in a consistent truncation. This is in accordance 
with previous results in the context of massive IIA supergravity [39] . 

4. We analyse in addition the deformed supergravity theory obtained by gauging a global 
scaling symmetry of the equations of motion. This is known as trombone gaug- 
ing [40,41] and has recently attracted attention in the £"10 and En context [42]. Our 
findings suggest that the association of the deformation parameter with a certain 
mixed symmetry tensor appearing in the level decomposition is problematic. 

5. As a by-product of our analysis we derive the commutation relations of eio up to 
s[(10, M) level 1 = 4, confirming an earlier computer algebra analysis [43]. This result 
is then used to construct the i = A action of £(eio) on the Dirac spinor and vector- 
spinor representations of 6(eio). These results are presented in Appendix lEl 

This paper is structured as follows. We begin by presenting massive IIA supergravity in 
our conventions in Section [21 giving the complete Lagrangian including the fermionic sector. 
In this section we also provide the explicit form of the supersymmetry variations that leave 
the Lagrangian invariant. Then we proceed in Section[3]to introduce the Kac-Moody algebra 
Cio in the s[(9, M) level decomposition, relevant to the comparison with Romans' theory. 
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Figure 1: Massive IIA supergravity from D = 11 supergravity: Massive type IIA super- 
gravity is obtained as a deformation of the standard type IIA supergravity, but unlike the 
latter, it does not possess any known eleven-dimensional origin. See Figure\2\for a pictorial 
description of how D = 11 supergravity and massive IIA supergravity are unified inside 
Eio- 

Here we also introduce the bosonic and fermionic parts of the E'lo-invariant sigma model, 
and present their respective equations of motion. Section [4] is devoted to the comparison 
between the equations of motion of massive IIA supergravity and those of the geodesic 
sigma model for Eiq/K{Eiq). Here we establish the dictionary which yields a dynamical 
correspondence between the two models in the bosonic and fermionic sector. After the 
i?io /massive IIA correspondence is validated we discuss in more detail in Section [5] its 
implications, as well as some of the salient features of the analyis, including a derivation of 
the bosonic supersymmetry variations from the structure of eio- Finally, in Section [6] we 
discuss the relation between our work and the recently proposed gauging of the so-called 
trombone symmetry. Since our analysis is quite technical and involves numerous lengthy 
calculations, we have for the benefit of the reader relegated most of the detailed calculations 
to appendices, where we for completeness also present an explicit analysis of eio and t{zio) 
at s[(10,M) level four. 

2 Massive IIA supergravity 

Massive type IIA supergravity was first constructed by Romans [2] by deforming the stan- 
dard type IIA supergravity through a Stiickelberg mechanism, giving a mass to the two-form 
potential through the replacement — > F^,y + m^^,y, where Ffj,^ = 2d\^^A^Y The potential 
A^ can then be gauged away by a gauge transformation of Afj^^. This process unfortunately 
obscures the massless limit to recover the standard IIA theory [44-46] as some of the su- 
persymmetry variations involve a coefficient m^^ . This is remedied by a field redefinition 
presented in [39,47], that we will make use of in this paper. 
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Moreover, a more democratic version of massive type IIA is given in [47,48], in which 
every form field comes with its dual. In particular, it involves a nine-form as a (potential) 
dual to the mass (seen as a field strength). This democratic formulation makes explicit 
the striking feature of massive IIA supergravity that it allows the existence of a D8-brane, 
that is known to exist in type IIA string theory. Indeed, this feature requires a nine-form 
potential that couples to the D8-brane, and accordingly does not appear in massless IIA 
supergravity. Although in this paper we will not use directly the democratic formulation, 
we will employ the field redefinitions used in [39] in order to clarify the massless limit. 

In addition, as a motivation for the present work, one also finds a nine- form in a certain 
decomposition of -Bio, ^ will be developed in the next section, and this nine- form appears 
in the Eiq/K(Eiq) Lagrangian in the same way as the mass term in the massive IIA La- 
grangian. Massive IIA supergravity has in common with many other deformed maximal 
supergravities that it does not possess any known higher dimensional origin, as illustrated in 
Figured! A consequence of the present work is to show that, although they are not related 
by dimensional reduction, eleven dimensional supergravity and massive IIA supergravity 
have the same Eiq origin as displayed in Figure [21 see also [34, 14, 37] 

2.1 Romans' theory 

In this section, and throughout the paper, the curved ten-dimensional space-time indices 
are denoted by // and decompose into time t and nine spatial indices m. The flat indices 
are similarly denoted by a = (0, o). Our space-time signature is ( — h • • • +)• More details 
on the conventions can be found in Appendix [XI 

The complete super symmetric Lagrangian (up to second order in fermions) in Einstein 
frame is given by the sum of a bosonic and a fermionic part, C = C^^'^ + C^^\ The bosonic 
sector contains a metric G^jy, a dilaton (p, a one-form ^(x) with field strength -F(2)) a two- 
form A^2) with field strength F(3) , a three-form Af^^^ with field strength F(4) , and a real mass 
parameter m. The bosonic part of the Lagrangian reads 



+ e 



Ml-.-MlO 



1 tn 
——f) A 8 A 4-1- r) A AAA 



2 

m 



(2.1a) 



^We note that the search for an eleven-dimensional origin of the Romans mass parameter, and hence the 
D8-brane, has led to studies of an M-theory M9-brane which is meant to exist in the presence of one Killing 



direction and then reduces to the IIA D8-brane, see e.g. [49,50]. 



7 




Figure 2: This picture describes the common Eiq origin of eleven-dimensional supergravity 
and massive type IIA supergravity First, if one considers a level £i decomposition of 
EiQ with respect to Ag (cf. Figure I^), one sees that the first levels (£i = to ii = 3 j 
of an Ei()/K(Eiq) sigma-model correspond to a truncated version of eleven-dimensional 
supergravity, with Lagrangian ^CsuGRAn [8]- Taking this as a starting point, we can perform 
an additional level £2 decomposition on the sigma model. On the lower ii levels (ii = 
to ii = 3) this is equivalent to a dimensional reduction of eleven-dimensional supergravity, 
which gives massless IIA supergravity (cf. Figure\Tj). However, if one includes one of the 
generators appearing at ii = 4, this leads to a theory that coincides with a truncated 
version of massive IIA supergravity, with Lagrangian £miiA- This procedure is equivalent 
to a multi-level (^1,^2) decomposition of Eiq with respect to Ag. More details on this are 
given in Section I3.2[ By similar arguments, one could add IIB supergravity to this picture, 
in the sense that it has the same Eiq origin in a level decomposition with respect to Agx Ai, 
i.e. with respect to node 8 in the Dynkin diagram in Figure [3| [51]. 

Here, we already point out that the massive deformation induces a positive definite potential 
on the scalar sector. This is in marked contrast to what happens for gauged supergravity 
in lower dimensions where the scalar potential is generically indefinite [30,32], causing also 
problems in the connection to Eiq [33]. 

On the fermionic side, we have two gravitini, combined in a single 10 x 32 component 
vector-spinor ■0^, and two dilatini, combined in a single 32 component Dirac-spinor A, 
which decompose into two fields of opposite chirality under 50(1,9). For this sector the 
Lagrangian takes the form 

- 2^^,r^i -^='Z)^,V'^3 - Ir^'D^x + a^^^AF^^rm^^^ 

+ ^e^-^/^F^,^, (v^i.iF^iF'^i'^^F^^FioV.^] " ^AF'^F^^'^^FioV. + ^AF^i^^^FioA) 
+ 1-e-^I^F^,...^, (vi[.,F''iF^-'^^r''2FioV'.,] - OT^-'^^FioV.) 
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8 2 4 



(2.1b) 



The last line contains the explicit mass terms for the fermions. There are also implicit mass 
deformations in the definitions of the field strength in terms of the gauge potentials 

^^^l^^2^J.3 — ^^[Ati^At2/i3] ' 

In the Lagrangian, they are contracted without additional factors, for example 

\F^2)\' = F,,,,F^^'''. (2.3) 

In (|2.2|) we see the characteristic feature of a deformed theory that the usual tensor hierarchy 
of gauge fields is broken: there are forms coupling to potentials of higher degree but only 
through terms proportional to the deformation parameter. The tangent space field strengths 
are defined as usual by conversion with the (inverse) vielbein c^^^ for example -^^2^02 — 
^ax^^ &a2^^ F^^^^. Flat indices are raised and lowered with the Minkowski metric and we 
will often write contracted flat spatial indices on the same level. 

2.2 Supersymmetry variations 

The supersymmetry variations leaving (j2.ip invariant, up to total derivatives and higher 
order fermion terms, are listed in this section. For the fermions, they read 



= D,e-^me>'>''^T,e-^^^^'^F,p{T^''P-U5^;:TP^)Tioe 



+^e-<^/2F,p4F/'"^ - 9<5|rrH)rioe 



and 



1 on 

+ ^e'^/^F,,., (r/"'^^ - y ^^F"'^^!)^, (2.4) 



4A = Id^d^T^^e + le^'^'^me-^e^^'^F^.m^^e 
z o ib 



-Y^e-^'^F^^pT^^'^PTi^e + ^^e^'^F^.p^T^^'^P" e, (2.5) 
while for the bosons we have 

d,e^" = ieF^V'M- 5e4> = ^Ae, (2.6) 
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and 




0. 





(2.7) 



where 




(2.8) 



Note that the mass only enters in the supersymmetry variations of the fermions. 

3 On £"10 and the geodesic sigma model for Eiq/K{Eiq) 

In this section we give some basic properties of the Kac-Moody algebra eio and explain how 
to construct a non-linear sigma model for geodesic motion on the infinite-dimensional coset 
space Eiq/K{Eiq). To this end we shall slice up the adjoint representation of Cio in a multi- 
level decomposition, suitable to reveal the field content of massive IIA supergravity [35, 
14]. In order to incorporate also the fermionic sector in the sigma model, we will analyse 
the relevant (unfaithful) Dirac-spinor and vector-spinor representations of t(eio) up to the 
desired levelO For a more detailed discussion of the general eio methods employed here we 
refer to the review papers [52-54], for more information about t(eio) see [17-19,21], and for 
a mathematical introduction to Kac-Moody algebras the canonical reference is [55]. 

3.1 Generalities of the Kac-Moody algebra Cio 

Here we discuss the salient features of the hyperbolic Kac-Moody algebra eio, the group of 
which we shall denote by Eiq. We will furthermore only be concerned with the split real 
form eio := fio(io)(I^) of the complex Lie algebra eio(C). The split real form is generated 
by ten triples (ei,/j,/ij), i = 1,...,10, of Chevalley generators, each triple making up a 
distinguished subalgebra, 



^The vector-spinor representation that we construct (following [17-19,21]) is unfaithful in the sense 
that it is a finite-dimensional representation of the infinite-dimensional algebra 6(eio). However, we stress 
that in the spirit of the original 'gradient conjecture' of [8] it would be more natural to regard as the 
first component in a faithful (infinite-dimensional) representation ^' := (^P, 9a^, • • • ) of S(eio), where the 
remaining components encode spatial gradients of the gravitino ^ [18, 19]. As the employed 320 represen- 
tation is a fully consistent representation of K{Eio), its transformations (that will be shown to be in good 
agreement with supergravity below) will never leave this 320-dimensional (invariant) representation space. 
A reconcifiation of this with the gradient conjecture is beyond the scope of this paper. 
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Figure 3: The Dynkin diagram of Ziq with the nodes associated with the level decomposition 
indicated in white. 

These subalgebras are intertwined inside eio according to the stucture of the Dynkin diagram 
in Figure [3l The full structure of the algebra follows from multiple commutators of the form 
[cjj, [cjj, • • • [ej^_-^, ejj.] • • • ]] (and similarly for the /j's) modulo the so-called Serre relations. 
We have the standard triangular decomposition 

eio =n_ ©t)en+, (3.2) 

where i) = J2i is the Cartan subalgebra and the nilpotent parts n± are generated by 
the Cj's and /j's, respectively. In other words, the subspace n+ contains the positive step 
operators, while n_ contains the negative step operators. 

The maximal compact subalgebra fi(eio) C eio is defined as the subalgebra which is 
pointwise fixed by the Chevalley involution uj, 

e(eio) := {x G eio I w(x) = x}, (3.3) 

where u! is defined through its action on each triple (cj, fi,hi): 

^(ei) = -fi, io{fi) = -Ci, Lo{hi) = -hi. (3.4) 

By virtue of the existence of t(eio) we have the standard Iwasawa and Cartan decompositions 
(direct sums of vector spaces) , 

eio = ^(fio) © f| © n+, (Iwasawa) 

eio = *(eio)©P, (Cartan), (3.5) 

which will both be of importance in subsequent sections. The generators belonging to 
p are those which are anti-invariant under lo. Note that the subspace p does not close 
under the Lie bracket, but rather transforms in a representation of t. On the other hand, 
the subspace b := f) © n+ is a subalgebra of eio, known as a Borel subalgebra. Using the 
Chevalley involution we project an arbitrary generator x £ eio onto the different subspaces 
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of the Cartan decomposition according to 

Q ■■= ^[x + uj{x)] e «(cio), 

V := ^[x-co{x)] G p. (3.6) 

The Cartan matrix A of eio, deduced from the Dynkin diagram in Figure [U induces an 
indefinite and non-degenerate bihnear form (•!•) on i) as follows 

{h,\hj) := Aij. (3.7) 

By invariance, this bilinear form can be extended to all of Cio, and in particular for the 
Chevalley generators we have 

{e^\fj)=6^j, {hi\ej)=0, {hi\fj)=0. (3.8) 

This bilinear form will be used in subsequent sections to construct a manifestly eio-invariant 
Lagrangian. 

3.2 The IIA level decomposition of eio and t{tio) 

To elucidate the relation between the infinite-dimensional algebra Cio and the field content 
of massive type IIA supergravity, we shall perform a decomposition of the adjoint represen- 
tation of eio into representations of the finite-dimensional subalgebra = s[(9,R), defined 
by nodes 1, . . . , 8 in the Dynkin diagram in Figure [3] (see also [14]). Each generator of eio is 
then represented as an s[(9, M)-tensor, say Xaj^...af, G eio, where the indices are interpreted 
as the flat spatial indices of the ten-dimensional supergravity theory and transform in a 
given irreducible representation described by a set of Dynkin indices, or equivalently by a 
Young tableau. Since eio is of rank 10 and Ag is of rank 8, this decomposition is a multi- 
level i := (^1, £2)-decomposition, with £i being associated with the exceptional node in the 
Dynkin diagram, while £2 corresponds to the rightmost node. 

A useful alternative point of view on this decomposition is to first perform only the ii 
decomposition with respect to the horizontal Ag = s[(10,M) subalgebra consisting of nodes 
1 through to 9 in Figure [3l As is well-known, at low £1 levels, this decomposition gives 
rise to the field content of eleven-dimensional supergravity [8,15]. We can then view the 
additional decomposition with respect to £2 as a 'dimensional reduction' from = 11 to 
D = 10. It is this point of view which enables us to relate the mass term in massive type IIA 
supergravity to a generator of eio at level £1 = 4 in the standard 'M-theory decomposition' 
of [8, 15,37]. This is intriguing since in D = 11 the matching between supergravity and eio 
has only been successful up to £1 = 3. Thus, the mass term in D = 10 provides a non-trivial 
check of eio beyond its 's[(10, M)-covariantized eg' subset, i.e. the generators of eg and their 
images under (the Weyl group of) s[(10,M). 
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The relation between eio and en and the mass deformation parameter of type IIA 
supergravity has been pointed out in various earUer references. In [35] the massive type 
IIA theory was reformulated as a non-linear realization where the mass term was associated 
with a certain nine-form generator of en. Shortly after, in [34], it was observed that 
the mass term in Romans' theory corresponds to a positive real root of eio. This was 
further elaborated upon in [36] where a truncated version of massive type IIA supergravity 
in an 50(9, 9)-covariant formulation was shown to be equivalent to the sigma model for 
eio in a level decomposition with respect to a Dg = so(9, 9)-subalgebra. This analysis 
mainly focused on the bosonic sector, but a preliminary analysis of the fermionic sector 
was initiated by restricting to the zeroth level of the eio-decomposition. It was also pointed 
out in [14, 37, 54] that the mass term has a natural interpretation as a generator at level 
four in a decomposition of eio with respect to Ag = 5l(9,M). From this point of view, the 
kinetic term in the sigma model associated with this generator naturally gives rise to the 
mass term of type IIA upon dimensional reduction. This is the viewpoint which we extend 
in the present work. 

3.2.1 Generators of eio 

The level decomposition of eio under the Ag = s[(9, M) subalgebra up to level (^i, ^2) = (4, 1) 
is shown in Table H At level (£1,^2) = (0,0) there is a copy of 0[(9,M) = 5l(9,M) © M, as 
well as a scalar generator associated with the dilaton. The commutation relations at this 
level are (a, 6 = 1, . . . , 9) 

[T,K\] = 0, (3.9) 

and the bilinear form reads 

{KMK'^,) = 5^,61 - 5t5'i, {T\T) = 1, {T\K\) = 0. (3.10) 

All objects transform as 0l(9, M) tensors in the obvious way. The positive level generators 
are obtained through multiple commutators between the (fundamental) generators E"" and 
j^ab levels (0,1) and (1,0), respectively. For example, the generator on level (1,1) is 
obtained simply as the commutator 

[E^b^-^c^^ ^abc^ (3.11) 

All the remaining relevant commutators up to level (4,1) are given in Appendix IB. li No 
generators of eio appear on mixed positive and negative levels, meaning that for any G cio 
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iiUy,ii^J UyiiKlli idUcib 




(0,0) 


[1, 0, 0, 0, 0, 0, 0, 1] e [0, 0, 0, o, o, o, o, o] 




(0,0) 


[0,0,0,0,0,0,0,0] 


T 


(0,1) 


[0,0,0,0,0,0,0, 1] 


E°- 


(1,0) 


[0,0,0,0,0,0,1,0] 






[0,0,0,0,0,1,0,0] 


1 — 1 ^1 o ^1 1 


(2,1) 


[0,0,0,1,0,0,0,0] 


j^ai...a5 


(2,2) 


[0,0,1,0,0,0,0,0] 


j^ai...a(i 


(3,1) 


[0,1,0,0,0,0,0,0] 


jlj^ai...a-r 


(3,2) 


[1,0,0,0,0,0,0,0] 


j^ai...ag 


(3,2) 


[0,1,0,0,0,0,0,1] 


j^ao\ai...a7 


(4,1) 


[0,0,0,0,0,0,0,0] 


j^ai...ag 



Table 1: IIA Level decomposition of Ziq under 5[{9 ,M) . 



the levels ii and £2 are either both non-positive or both non-negative. In terms of the 
multilevel i = (^1, ^2) we shall denote this by £ < or £ > 0, respectively. This implies that 
the level decomposition induces a grading of eio into an infinite set of finite-dimensional 
subspaces Qe with respect to the multilevel i. Let Ei and E£r be arbitrary root vectors in 
the subspaces Qc and Qi' of Ciq. Then a generic commutator, generalizing (j3.1ip . takes the 
form 

[Ee, E£i] = EiJ^i^ G 0£+p. (3.12) 

The negative level generators are simply obtained using the Chevalley involution, and for 
an arbitrary positive level generator Ei £ qi we define the associated negative generator as 

Fe := -ojiEe) G g.^, £ G zIq. (3.13) 

Because of the graded structure, commutators between generators in qi and Q-i belong to 
the zeroth subspace go- For example, for the fundamental generator E"-^ G S(o,i) we have 

The explicit form of the remaining commutators can be found in Appendix IB.ll 
3.2.2 The 'mass generator' 

Let us now discuss in more detail how the generator associated with the mass term appears 
in the level decomposition of eio. First consider the decomposition with respect to £1 (see 
Appendix [E|). At level £1 = 4 one finds a generator corresponding to an s[(10, M)-tensor 
with 12 indices of the form £'"l''l^i ' '^io (with d = (10, o), etc.), which has mixed Young 
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symmetry, i.e. it is antisymmetric in the block of indices ci, . . . , cio and symmetric in d, b. 
This generator has no physical interpretation in = 11 supergravity. However, consider 
now the further level decomposition with respect to £2- This can be realized by doing 
a dimensional reduction on J5;'^l^l'=i "^io along the direction '10'. We are interested in the 
generator obtained in this way by fixing the first three indices to d = 6 = ci = 10, which 
yields [37,54] 

j^ai---ag ._ ^^10|10|10ai --a9 ^-g -j^g^ 

8 

The resulting tensor corresponds to the (^1,^2) = (4, l)-generator E°'^"'°'^ in Table [TJ This 
s[(9, M)-tensor is a nine-form, and is therefore associated with a supergravity potential 
^ar- ag whose field-Strength is a top-form in D = 10. This is the generator associated 
with the mass term. From this analysis it is clear that the mass deformation of type IIA 
supergravity probes eio beyond the realm of what has been successfully verified previously 
in the context of = 11 supergravity. This is especially interesting due to the fact that 
the li = 4-generator £'"l^l'=i" '^io is a 'genuine' eio element, with no components contained 
in eg nor in eg. 



3.2.3 Generators of !(eio) 

The level decomposition of Cio induces a decomposition of its maximal compact subalgebra 
t(eio) which was defined in (|3.3p . Using the Cartan decomposition, (|3.5p and ()3.6p . we 
define compact and noncompact generators, G t(eio) and G p, as follows 

Ji:=Ee-Fe, Se:=Ee + Fe, ^ G Z|o\{(0, 0)}. (3.16) 

Furthermore, at level (0,0) we have the so (9) Lorentz generators 

This decomposition of €(eio) is not a gradation, but rather corresponds to a filtration [21], 
in the sense that an arbitrary commutator between two 'positive level' generators exhibits 
a graded structure modulo lower-level generators only, 

[Jg, Jg'] = J\e^e'\ + Je+e, (3.18) 

where it is understood that J\e-e'\ 7^ if and only if (i — i') > or (i — i') < 0. In 
other words, J\£-£'\ is non-zero only when the difference (i — i') involves no mixing between 
negative and positive levels. 

Using (j3.16p . together with the Cio commutators in Appendix lB.il we may deduce the 
abstract fi(eio)-relations at each 'level'. Let us consider a few examples to illustrate the 
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procedure. We begin by defining the t(eio)-generators associated with level (0,0) and the 
fundamental generators at level (0, 1) and (1,0): 

ja ._ _ jab ._ ^ab _ p^^_ (g -^g) 

Since there are no generators of mixed level (1, —1) the commutator [E"", F}^ vanishes, and 
the commutator between J""^ and J'^ simply gives 

r] = rbc^ (320) 

with J"^^ := E"'^'^ — Fahc- Proceeding in the same way for J'*i"2 g^^^^ jaia2a3^ obtain 
jai '-as modulo lower level terms, 

jjaiaa^ ja3a4a5] ^ jai-as _ 65^^^%^ J^^^ (3.21) 

Note that one may project onto J^i '^^s as follows. 



J 



ai---a-5 



j[aia2 jasa4a5] 



(3.22) 



Here, all indices are so (9) vector indices and are raised and lowered with the Euclidean Sab 
so that the position does not matter. The other relevant t(eio)-commutators are listed in 
Appendix EH 

3.3 Spinorial representations 

The fermionic degrees of freedom in the sigma model for Eiq/K^Eiq) transform in spinorial 
representations of t(eio). The two relevant t(eio) representations are finite-dimensional 
(unfaithful) and of dimensions 32 and 320, respectively. In the decomposition of t(eio) 
associated with eleven-dimensional supergravity these representations transform as a 32- 
dimensional Dirac spinor representation e of so(lO) C t(eio) and a 320-dimensional vector- 
spinor representation ^'a, a = (10, a), of 5o(10) C t(eio), identified with the gravitino 
[17-19,21]. Upon reduction to the IIA theory (through the additional level decomposition 
with respect to £2) the gravitino decomposes into a 32-dimensional spinor ^'lo and a 288- 
dimensional vector spinor of so (9). However, because they both descend from 
these two representations will mix under fi(eio) [20]. No such complication arises for the 
supersymmetry parameter e, for which we keep the same notation in the IIA picture. The 
spinor ^'lo will be associated with the ten-dimensional dilatino, while the vector-spinor 
is related to the gravitino. 

For the first three levels, the transformation properties of the spinor e are 

2 

r^'-e = ^rior'^^'e, (3.23) 
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where T"" and T""^ are so (9) F-matrices (our F-matrix conventions are given in Appendix 
lA.ip . The higher level transformations are now defined through the abstract t(eio)-relations; 
for example: 



a 10.2 0.3 



J' 



■ e 



jaia.2 jaz 
j[oia2 jazana'o 



-r 



0102013, 



01-05 



e. 



(3.24) 



Similarly, we have for the spinor component ^'lo the following low-level transformations: 

1_„ _ ^ 



D 6 



(3.25) 



showing explicitly the mixing between ^'lo and under 6(eio). Finally, we also have for 
^ ■ 



^0102^^ + 24"'^''""^ 



[oi, 



;02j 



1, 



^ -p aia2 ,T, 



(3.26) 



More details on these t(eio)-representations can be found in Appendix IB. 2[ We note that 
we could also have redefined the SO{9) spinor by a shift with Far^'^^io as one does in 
Kaluza-Klein reduction (cf. (jA.lSp ) but refrain from doing so here. 



3.4 The non-linear sigma model for Eiq/ K{Eiq) 

A non- linear sigma model with rigid i?io-invariance and local i^(-E'io)-invariance may now 
be constructed using the properties of eio described in previous sections. By virtue of the 
Iwasawa decomposition we can always choose a coset representative in the partial 'Borel 
gauge' by taking 

V{t) := V = Voe-^^e^*^ G E,o/K{Eio), (3.27) 

where Vo = exp h'^bK^a represents the GL(9,M) inverse vielbein Ca™', while e^*^ contains 
the positive step operators of eiQ. We call this a partial Borel gauge since Vq is not con- 
strained to contain only positive step operators of Qi{9, M). In other words, Vq is an arbitrary 
GL(9, M)-matrix and not a representative of the coset GL(9, M)/SO(9). With some abuse 
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of terminology, we shall sometimes refer to the part of Eiq parametrized by V as the 'Borel 
subgroup', and denote it by E^q |§. The positive level part e^*^ of V is defined as 

e^*^ := exp[^^(t)£;-]exp[iA„,„,(t)i?-^-^]exp[iA„,^,„3(t)i?™i-^-3] . . . (3.28) 

with similar exponentials occurring for the higher levels. Note that in this expression the 
indices mi,m2, ■ ■ ■ are s[(9, M)-indices, and hence correspond to curved spatial indices from 
a supergravity point of view. 

The coset representative V transforms under global g G £'io-transformations from the 
right and local k S /C(i?io)-transformations from the left: 

V I — > kVg. (3.29) 

From V we construct the Lie algebra-valued Maurer-Cartan form 

dtVV^^ = V + Q, (3.30) 

where we also employed the Cartan decomposition, according to (|3.6p . The transformation 
property of V in (j3.29p implies that the coset part "P G p of the Maurer-Cartan form is 
globally E'lo-invariant while transforms covariantly under K{Eiq): 

K{Eio) : V I — > kVk-\ (3.31) 

On the other hand, Q G t(eio) properly transforms as a connection, 

K{Eio) : Q I — > kQk-^ + dtkk-\ (3.32) 

Using the bilinear form on cio, we can now construct a manifestly Eiq x -ftr(-E'io)iocai- 
invariant Lagrangian as follows [8, 15] 

^EL/KiE.o) = (^l^> ' (3.33) 

where the lapse function n{t) ensures invariance under reparametrizations of the geodesic 
parameter t. We have also included a superscript [B] to emphasize that this Lagrangian is 
only the bosonic part of a sigma model which also includes the fermionic degrees of freedom 
in the 320 of K{Eiq) to be introduced shortly. The equations of motion for n{t) enforces a 
lightlike (Hamiltonian) constraint on the dynamics, 

(V\V) = 0, (3.34) 

®This differs from the 'true' Borel subgroup B := exp b C -Eio through the negative root generators in 
Vo (see Section [3. II for the definition of b). E^q is only a parabolic subgroup of £'10. 
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while the equations of motion for V (in the gauge n = 1) read 

VV:= dtV - [Q,V] = (3.35) 

where we defined the i^(i?io)-covariant derivative V. Equation p.35p encodes the dynamics 
of the bosonic sector of the sigma model and is written out in detail in Appendix IC.li 

The fermionic degrees of freedom are included in the Lagrangian through the spinor 
representation ^' as follows [18, 19, 21] 

^ZmE..) = -\ (^l^^> ' (3.36) 

where the bracket now denotes an invariant inner product on the representation space. The 
associated 'Dirac equation' reads 

— dt^ - Q-^ = 0, (3.37) 

where it is understood that the connection Q acts on ^ in the vector-spinor representation 
constructed in the previous section. Equation (j3.37p is written in terms of the full 320- 
dimensional spinor which encodes both the 'gravitino' '^a and the 'dilatino' ^'lo- The 
separate equations of motion for these fields can be written out as follows 

V^a := dt'^a -Q-^-a =0, 

P^-io := St^'io - Q • ^-10 = 0. (3.38) 

Recall that the t(eio)-action on contains \i'io-terms, and vice versa. This is important 
since the same mixing between the gravitino and the dilatino occurs in the corresponding 
supergravity equations of motion (see Appendix I A. 4p . The fermionic equations of motion 
in (j3.38p are written out in more detail in Appendix IC.2i 

The bosonic equations of motion (j3.35p were written for the gauge choice n = 1. The 
lapse function n has a superpartner ^f, which is a Dirac spinor under 6(cio), and the 
associated supersymmetry transformations are 

d^^t = Ve. (3.39) 

The fermionic equations of motion are then valid in the 'supersymmetric gauge' = 0. The 
associated constraint (analogous to the Hamiltonian constraint) that should be imposed is 
the supersymmetry constraint which states that the spin ^ is orthogonal to the velocity 
V. The full form of this constraint is unknown due to the fact that it is not known how 
to supersymmetrize the -Eio model correctly. Nevertheless, low level expressions have been 
obtained in [18,21], which the reader should also consult for further discussions of this point. 
Certain aspects of the supersymmetry constraint are also discussed in Section 15.21 
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Let us now analyse these properties of the geodesic sigma model in more detail by 
utilizing the level decomposition of Cio with respect to s[(9, M). Expanding the coset element 
V up to level (3, 2) we obtain 

V = dt(t^T + ]^pab{K\ + K\) + Y,Pi*St (3.40) 

and the associated expansion for Q is given by 

Q=\qabM'''' + Y,Q,^J,, (3.41) 

where -k schematically denotes the coupling between the dynamical fields and the associ- 
ated generators S^. The explicit form of this expansion will be given below. In Borel gauge, 
the fields at non-zero levels are the same in Q and V: 

Qi = Pi, ^GZ|o\{(0,0)}. (3.42) 

The explicit form of the higher level terms in the expansion of V reads 



i>0 



_i_J_p cai-.-as I J_ p , C'ao|ai...a7 I J_ -59i/4 p qai...ag , 

-r ^^-rai...asiJ "r gj -^ao|ai...a7^ 9! ^ai...a<}J T ■ ■ ■ 

(3.43) 



with a similar expression for Q with the S^'s replaced by the corresponding J^'s. 

Prom a given parametrization of V as in (j3.28p one can work out explicit expressions for 
V in terms of the 'potentials' Ai (which a fortiori carries flat indices as it transforms under 
t(eio)) which appear in the construction of V. For example, one finds 

K = ^e-3,A„ = (3.44) 

in terms of the 'covariant derivatives' of [8]. Here, we have written Vq = as an inverse 
GL(9,M) vielbein. We do not require the exact expressions for the higher level components 
of V for establishing the correspondence and their expression will be more complicated due 
to the appearance of additional terms, arising when expanding the Maurer-Cartan form 
dtW~^ using the Baker-Campbell-Hausdorff formula de^e~^ = dX + dX] + . . .. In 
Section [5] when we discuss constraints and aspects of gauge-fixing the precise form will be 
more relevant and we will give more details there. 

The geodesic equations dtV = [Q,'P] can be written conveniently by treating the Vq 
contribution separately in a partially covariant derivative D^'^^ see [15]. For example, for 
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the fundamental generators at level (0,1) and (1,0) the equations of motion become (for 
n = 1) 

^{0)/3<^/2pN ^ -e^/^P P +-e^P P +—P P 

^ ^ a) CI ac-iC2^ C1C2 ^| clci...cs^ C1...C5 g] ac\...CT^ C1...C7 



+ ^Pa\c,...crPc,...cr (3.45) 
n{0)|'p-<^p ^ _ Op'^/^P P +-e~'^/'^P P 

^ \^ J^aia2j — '^^ '^axa^c^c^ ^ aia2CiC2C3^ C1C2C3 

, ^ -30/2p p _Llp-5</./2p p 

-ra^a2Cj,,.cg^ci...C5 ' J^aia2Ci...ciJ^ci...cy 

+ ^-^aia2Ci...C6-Pci...C6 + ^ _ ^ j -^ci |c2...C6aia2 -^ci-.-ce ' (3.46) 

In Section S] we wih show that these equations are equivalent to the equations of motion for 
the electric fields Fta and Ftab, respectively. The equations for all the remaining levels are 
given in Appendix lC.il The fermionic equations of motion can be found in IC. 21 where the 
connection term Q is evaluated in the vector-spinor representation. The supersymmetry 
variation (|3.39p requires the evaluation of Q in the Dirac-spinor representation, the resulting 
expression can be found in lC.3[ 



4 The correspondence 

In this section we make the -Eio /massive IIA correspondence explicit by giving a dictionary 
between the dynamical variables of the £'io/i^(-E'io)-sigma model and the fields of massive 
IIA supergravity. The comparison cannot be done at the level of the respective Lagrangians 
since the Eiq sigma model naturally incorporates kinetic terms for all fields as well as their 
duals, which is not the case for the IIA Lagrangian. The matching is rather done at the 
level of the equations of motion, where we will see that bosonic equations of motion and 
Bianchi identities on the supergravity side all become associated with geodesic equations of 
motion on the Eiq side. Similarly, the fermionic supergravity equations will be associated 
with the Dirac equation of the spinning coset particle. 

4.1 Bosonic equations of motion and truncation 

To be able to compare the equations of motion on the supergravity side (|A.5p and (|A.6p 
to the ones on the sigma model side ()3.35p . spelt out in Appendix IC.H we need to rewrite 
the former. As is customary in the correspondence between Eiq and supergravity we split 
the indices a = (0, a) into temporal and spatial indices and also adopt a pseudo-Gaussian 
gauge for the ten-dimensional vielbein: 
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In addition we demand that the spatial trace of the spin connection vanishes (see Ap- 
pendix 123] for our conventions) 



UJaah = => Qbaa = (4.2) 

and write the tracefree spin connection reminder. We also choose temporal 

gauges for all supergravity gauge potentials, 

At = , Ato = , Atm^rn2 = ■ (4.3) 

Moreover, we can only expect that a truncated version of the supergravity equation 
corresponds to the coset model equations. This truncation was originally devised in the 
context of eleven-dimensional supergravity, where it was strongly motivated by the billiard 
analysis of the theory close to a spacelike singularity (the 'BKL-limit') [8,15]. In this limit, 
spatial points decouple and the dynamics becomes effectively time-dependent, ensuring that 
the truncation is a valid one in this regime. In this paper, we analyse the same question in 
the context of massive IIA supergravity, and an identical procedure requires the truncation 
of a set of spatial gradients. These can be obtained from a BKL-type analysis of massive 
IIA and their full list is presented in Appendix IA.5I Notice that except for the expression 
involving the mass, all the spatial gradients to be truncated away can be obtained by 
dimensional reduction of the eleven-dimensional truncation. 

Let us illustrate the implications of this truncation on the supergravity equations in 
some detail for an explicit example. The following truncation of massive IIA supergravity 
can be deduced from the billiard analysis: 

da (Ne"t>/^F,,,,) = 0. (4.4) 

The effect of this truncation appears in the equation of motion for the two-form field strength 
Fa/s (see ()A.5aP in Appendi xJA.Sp . After splitting time and space indices, the space com- 
ponent of this equation readq 




J7 



+ ^e^'l'/^N^da(t>Fab - le'^'^/^N^na.a.bFa.a, 

+Ne'^^^da (Ne'^/^Fab) • (4.5) 



Using the truncation (j4.4p . the last term on the right hand side vanishes, and consequently 
the equation to compare with the Eiq equation of motion (|3.45p is (|4.5p without the bottom 



^ D^°^ here contains the contributions from the time derivatives of the spatial vielbein Cm'^ and will be 
identified with the corresponding Eio coset derivative operator below. 
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^2) 


EiQ fields 


Bosonic fields of supergravity 


(0, 


0) 


Pab 


-NuJabO 


(0, 


0) 


Qaia2 


— ^<^0aia2 


(0, 


1) 


Pa 


^NFoa 


(1, 


0) 


P 




(1, 


1) 


P 


2-^-^0010203 


(2, 


1) 




2-4\ ^ tai---05 -f^0ib2O3O4 


(2, 


2) 


P 


2-3! "^oi - oe 01 0203 


(3, 


1) 


P 


)—Afp'i't>/'^f bib2 rp 

2-2' '^oi---07 -^0102 


(3, 


2) 


P 


-\Nea,...a,''db(t> 


(3, 


2) 


Pao\ai---a7 


OA/-, ^1620 

^-i*^ fcoi---a7 ^'616200 


(4, 


1) 


P 






n 





Table 2: Bosonic dictionary: This table shows the correspondence between Eiq fields and 
bosonic fields of massive IIA supergravity that one obtains by considering the equations of 
motion and the Bianchi equations. 



line. Let us emphasize that the truncation (j4.4p also follows from dimensional reduction 
of the associated truncation in the equation of motion for the electric field ^0010203 in 
eleven dimensions [8, 15]. Moreover, this example makes clear the important comment 
that the truncation we impose is not equivalent to discarding all spatial gradients on the 
supergravity side, since it is clear that spatial derivatives of the one-form potential Aa are 
implicitly contained in -Fai02- 

From comparing in detail the supergravity equations (Appendix!^ with the truncations 
applied with the bosonic equations of the coset model ( Appendix IC.ip one can derive a cor- 
respondence between the components of the coset velocity V and the fields of supergravity. 
The dictionary is given in Table [2] where, in the last line, e = det em"" = y/det Qmn = \fg- It 
is perfectly consistent with identifying the form equations of motion (|A.5P with the sigma 
model expressions (jC.2ap to ()C.2cp . the Bianchi identities (jA.4p with the equations ()C.2dp 
to ( C.2g ) and the dilaton equation of motion (|A.6aP with (jC.lap . 

The remaining equation, the Einstein equation ()A.6bp . does not fit perfectly in this 
picture. More precisely, two terms do not match completely with (jC.lbp . One is similar to 
the mismatch in the ^9 decomposition relevant to D = 11 supergravity and is a contribution 
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to the Ricci tensor Rat of the form ^lacd^bdc [15]. The other term is a mismatch of the 
coefficient in the energy momentum tensor of the dilaton Tab ~ da4>db(p', the coefficient is 
off by a factor two. This can be traced back to D = If where both mismatches were part 
of the D = 11 Ricci tensor. In this sense this is not a new discrepancy but a known one. 
It is to be noted that ah the terms involved in the mismatch are related to contributions 
to the Lagrangian which would give rise to walls corresponding to imaginary roots in the 
cosmological billiards picture [8]. There is no mismatch in the equation of motion of the 
dilaton <p since in the reduction the missing term in D = 11 does not contribute to this 
equation. 

Let us study the effect of the mass term more closely. In the bosonic equations, the 
mass appears in five places: the dilaton equation ()A.6ap . the Einstein equation ()A.6bp . the 
equation of motion for Ftaia2 (|A.5bp . the Bianchi equation for Fa^a2 (|A.4aP and of course 
in its own equation of motion dtm = 0. It is remarkable that the contribution of the real 
root corresponding to the mass deformation enters all equivalent sigma-model equations 
correctly, even though it is beyond the realm of Eg, generators and above height 30. In 
particular, the i?io-invariant sigma model produces the right potential for the scalar (p. This 
is possible since the supergravity potential is positive definite in agreement with positive 
definiteness of the £^io-invariant Lagrangian (j3.33p away from the Cartan subalgebra. By 
contrast, for gauged deformations in lower dimensions where the supergravity potential is 
indefinite and not reproduced fully by Eiq [33] . From this point of view the massive Romans 
theory seems to be special since the Eiq model reproduces correctly all the effects of the 
deformation. 

4.2 The truncation revisited 

The truncation we applied to supergravity, using billiard arguments, also proves useful for 
ensuring the consistency of the dictionary. Indeed, notice that all the sigma model variables 
depend on (sigma model) 'time' only, and hence we must demand that their spatial gradients 
vanish: 

daV{t) = 0. (4.6) 

Applied to the Maurer-Cartan expansion, this equation translates to constraints on the 
supergravity variables upon using the dictionary in Table [2l Of course, (j4.6p does not 
really make sense on the sigma model side, where spatial gradients have no meaning, but 
must rather be understood as a convenient way of encoding the relevant truncations on the 
supergravity side. Nevertheless, the truncations encoded in (|4.6p correspond precisely to the 
truncations we have just imposed. Let us illustrate this for the example of the truncation 
on the magnetic field in ()4.5p . The level (3, 1) part of the expansion of the Maurer-Cartan 
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form contains the following term (see (j3.43p ) 

^W|(3,i) = ^«""^^'^«i-7W5"^-"^ (4.7) 

The coefficient of the generator ■ "7 ^ ^ dynamical quantity which is purely time- 

dependent. This implies that on the supergravity side we must make sure that the corre- 
sponding quantity is also purely time-dependent, i.e. we must demand 

da{e-''^/^Pa,...ar) = 0, (4.8) 

which, after using the dictionary in Table [2l precisely yields the truncation in (j4.4p . Simi- 
larly, one sees that requiring (j4.6|) for each term of the Maurer-Cartan expansion corresponds 
to the truncations of Appendix IA.51 

4.3 Fermionic equations of motion 

To make contact between the fermionic equations of Romans' theory, (equations of motion 
()A.7p and (|A.lip and supersymmetry variation ()2.4p ). and the Kac- Moody side of the story, 
(equations of motion (|C.3p and (jC.4p and supersymmetry variation (jC.Sp ). we must make 
some further field redefinitions. We redefine the gravitino components, the dilatino and the 
supersymmetry parameter as 



^0 












A 






e 







(4.9) 



With these redefinitions, using the bosonic dictionary obtained in the previous section 
and in the gauge 

V^o = 0, (4.10) 

we can show that the equations of motion of the fermions of massive IIA supergravity 
()A.7p and (jA.lip are equivalent to the Kac-Moody fermionic spinor equations ()C.3P and 
()C.4p if we assume a correspondence between the unfaithful representation of t(eio) and the 
redefined fermionic fields displayed in the first half of Table [3l 

To illustrate how the correspondence is proved, let us consider the mass terms of the 
equation of motion for the gravitino. On the supergravity side, one looks at the spatial 
components of the equation of motion (|A.lip . We only keep the terms involving the time 
derivative of ipa and the mass: 

doi^a + ^e''^/^mT'Tab^P'' + -^^''^/'mrV, + l^e^f'^^mT^TaX + • • • = 0. (4.11) 
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K{Eiq) representations 


Fermionic fields of supergravity 








A = h'/'X 


e 


e = g-^l^e 







Table 3: Fermionic dictionary: This table presents the relation between the spinor and 
vector spinor unfaithful representations of 6(eio) and the fermionic fields of massive type IIA 
supergravity The first half is obtained by requiring the equations of motion for the fermions 
to match with the €(eio) equation and the second half comes from the supersymmetry 
variation of ipt ■ 



One the sigma model side, we must consider the terms at level (4, 1) of the explicit version 
of the equation of motion ()C.4p . that give 

dt^a - ^e-5*/4pfe,...fe,rior''i-^9^', + ^e-5<^/4pfe,...b3rior,^i-''«^''9 + • • • = o. (4.12) 

Using the bosonic and fermionic dictionaries given in Tables [2] and El it is now a purely 
algebraic exercise to see that (|4.1ip and ()4.12p are equivalent. 

4.4 Supersymmetry variations of fermions 

Considering the supersymmetry variation of the gravitino provides us with a consistency 
check of the previously obtained bosonic and fermionic dictionaries. To this end it is natural 
to define 

i^t = n^o, (4.13) 

where t is considered as a 'vector index' along the world line with respect to the einbein n. 

Using the previous redefinitions yields the following supersymmetry transformation on 
the redefined gravitino 



4-4! " """" 4-3! 

o 4 

_Le-<^/2Arr'^''TorioF„6ce - \e~^/'^NT''^TiQF(^ 
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+iiVu;,bcr'^'Toe - NT^T^ [^e + \g~^dage] . (4.14) 



4 



4^ 
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We can now identify the right hand side of (j4.14p with the i^(£'io)-covariant derivative 
acting on the 32-dimensional spinor representation e (j3.39p . given exphcitly in (jC.Sh . using 
the bosonic and fermionic dictionaries already computed (Tables [2] and [3l) . We then obtain 
the second half of Tabled that is, the relations for the supersymmetry parameter and the 
time component of the gravitino. 

In conclusion, we see that all the fermionic equations of motion as well as the super- 
symmetry variation of tpt match with the Eiq/K{Eiq) fermionic theory. In particular, we 
notice that the mass enters these equations correctly everywhere. 



5 Gauge algebra and supersymmetry variations from £"10 

In this section we address and collect a few general points which are of relevance for the 
analysis of hyperbolic Kac-Moody coset models in relation to deformed or undeformed 
supergravity. In particular, we point out some crucial features related to gauge-fixing in the 
£^10 sigma model, and we discuss the associated constraints. We also show how the gauge 
algebra and supersymmetry variations of massive IIA supergravity may be obtained in a 
simple way from properties of Eiq and K{Eiq). 

5.1 The importance of being gauge-fixed 

As has been pointed out in [56], in order to reveal the correspondence between the geodesic 
equation of the sigma model and the equations of motion of supergravity it is essential that 
one fixes all gauges on both sides. For £^10 this means that one should work in Borel gauge, 
whereas the supergravity variables are subject to the pseudo-Gaussian gauge ()4.ip for the 
metric and also to temporal gauges for the p-form gauge fields (j4.3p which are of particular 
importance in the context of the mass deformed supergravity theory|f| The dictionary as 
stated was a correspondence at the level of the 'velocities', i.e. first derivatives of the basic 
variables. In the undeformed case, this correspondence also holds for the basic variables 
so that the coordinates parametrising the Eiq/K{Eiq) coset (in triangular gauge) can be 
identified with the (gauge-fixed) variables of supergravity [8]. For example, in massless IIA 
one would write a coset elemenllfl 

V = V'oe'^^e'^'"'^'"e^^'"i™2-^'"^™^e^^'"i"'2™3-^'"^'"^™'^ . . . ^ (5.I) 
*The same phenomenon occurs for gauged supergravity [33]. 

®There is some ambiguity in parametrising the positive step operators which is directly related to possible 
field redefinitions in supergravity. 



27 



for which the Maurer-Cartan form (j3.30p expands to (using Vq = as foUows from 
Table [2]) 

"H^fi''^'' €ai ^ ^^03 (f^t ^r)iim2m3 3^^^ 0t^j7j2m3 ^ ^ + . . . . (5.2) 

The fact that the coefficient of E""^""^""^ has several contributions is due to the expansion when 
using the Baker-Campbell-Hausdorff formula. As we are in Borel gauge this expansion is 
always guaranteed to terminate. The level zero pieces merely 'dress' the coefficients; Vq 
is the inverse vielbein e^™ from supergravity and converts curved into flat indices while 
e'^'^ introduces a level dependent dilaton prefactor. The precise form of the extra terms 
in the coefficients of the generators E£ in the Maurer-Cartan form is prescribed by the 
Eio structure and the parametrization chosen. Clearly, writing out the corresponding field 
strength Ftmim2m3 (see (|2.2p ) for vanishing mass gives in temporal gauge 

which is exactly the coefficient of E'^^"'^"'^ if the dilaton is extracted. Therefore the structure 
constants of £^10 naturally encode the modified field strengths of supergravity, including 
Chern-Simons terms as well as extra terms involving lower-rank p-form potentials as in 
(j5.3p . Therefore we can, in more refined version of the dictionary in Table [21 identify the 
supergravity fields with the fields appearing in the parametrization of V. 

Continuing to the massive case m / this logic seems to run into problems since there 
one has, for example. 



dtAn + mAtn ■ (5.4) 



The mass term was identified with the time derivative of the nine-form potential appearing 
in the parametrisation of E\qI K(E\q) in Borel gauge. Such a term cannot arise from the 
Maurer-Cartan form since in Borel gauge the commutators in the expansion only increase 
the level, so that a coefficient of a generator on a given level has only contributions from 
lower-lying generators. Here, the gauge fixing (j4.3p becomes important because it eliminates 
the second term in (j5.4p by simply setting Atn = 0. Hence, one can still identify the coset 
coordinate Am with the supergravity gauge potential Am even in the deformed case as long 
as one works in a completely gauge-fixed framework!^ 



^"This is in contrast to the analysis of [35], where an additional (— l)-form generator was introduced in 
the algebra in the form of a translation generator. With such a generator the commutators are not only 
increasing in level; a similar logic was followed in [24,26]. Formal ( — l)-forms also appear in [47]. 
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5.2 Constraints on the geodesic sigma model 



Whenever gauges are fixed one has to remember to also impose the corresponding con- 
straints. In the context of eio it has been observed in the sl(10,M) decomposition that 
the constraints can be imposed consistently on the geodesic [16]. However, the constraints 
transform only under a Borel subgroup Ef^ C Eiq; the relevant linear representation can 
be embedded into the highest weight representation L{Ai) of eio and its low level content 
in the s((9,]R) decomposition used in this paper is displayed in table -^(^i) here indi- 
cates that the highest weight of this integrable eio representation has its weight given by 
the fundamental weight dual to the simple root of node 1. We note that the correspond- 
ing representation L{Ai) of en has been considered before both for the construction of 
space-time [57] and the construction of deformed supergravities [24,26]. 

In the context of £^10 one has to take into account the constraints that arise from fixing 
the pseudo-Gaussian gauge (|4.ip for the vielbein and the temporal gauges (|4.3p for the 
vector potentials. The vanishing shift component in the vielbein gives rise to the spatial 
diffeomorphism constraint, sometimes also called the momentum constraint. Fixing tem- 
poral gauge for a p-form potential one obtains an associated Gauss constraint which carries 
{p — 1) antisymmetric indices. Furthermore, there are Bianchi-type constraints associated 
with all fields which arise from the split between space and time. The details of the general 
construction can be found in [16], here we work out the details only for the case of the 
constraint on the mass parameter. The other constraints follow from the analysis of [16] by 
dimensional reduction. 

It turns out to be more convenient to think of the supergravity Bianchi constraint on 
the mass parameter m as the Gauss constraint for a nine-form potential with ten-form field 
strength. In fact, all Bianchi constraints are secretly Gauss constraints of the dual variables 
in temporal gauge. In this case it is of the form 



where as usual one index was chosen to be t in order to obtain the Gauss constraint. This 
constraint also transforms manifestly as an eight-form, just like the contraint listed on level 
(7,3) in Table H 

We now turn to the corresponding constraint on the Eio side. In the general construction 
of the constraints [16], a constraint on level (^1,^2) is composed out of a product of two 

^^Except for the momentum constraint there are 'traihng' e^^-'-''^ factors which have been suppressed in 
the table. They are not seen by sl(9, R) but by g[(9,R) and they correspond to volume factors, so that 
the corresponding 'tensors' transform as densities rather than true tensors. Their number can easily be 
recovered from demanding that the total number of indices on level {£1,12) be 2^i + £2- Furthermore, there 
is a factor exp[(— 2^i + 3^2)<^/4] of the dilaton will multiply the product of Ps in our conventions. We will 
exemplify this below. 




(5.5) 
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ijUy,m.l L-'yilK.lil IdUclt) 


vyUllbLl dlllL 


(3,2) 


[1,0,0,0,0,0,0,0] 


Momentum constraint 


(3,3) 


[0,0,0,0,0,0,0,0] 


Gauss for Aa 


(4,2) 


[0,0,0,0,0,0,0, 1] 


Gauss for Aa^a2 


(4,3) 


[0,0,0,0,0,0, 1,0] 


Gauss for Aa^a2a^ 


(5,3) 


[0,0,0,0,1,0,0,0] 


Bianchi for vlaiaaag 


(5,4) 


[0,0,0,1,0,0,0,0] 


Bianchi for ^4^1 02 


(6,3) 


[0,0,1,0,0,0,0,0] 


Bianchi for Aa 


(6,4) 


[0,1,0,0,0,0,0,0] 


Bianchi for (p 


(6,4) 


[0, 0, 1,0, 0, 0, 0, 1] e [0, 1, 0, 0, o, o, o, o] 


Bianchi for Riemann 


(7,3) 


[1,0,0,0,0,0,0,0] 


Bianchi for mass 



Table 4: IIA Level decomposition of L{Ai) representation of eio under sl(9, M). 



components P of the Cartan form ()3.43p such that their levels add up to (^1,^2)- For the 
mass term this leaves only the possibility to writi^ 

^fei...69|ai...a8 _ ^-5<p/4:pbi...bg pai...as g-j 

This is indeed the correct corresponding constraint if set to zero. Furthermore, this expres- 
sion is weakly conserved along the geodesic motion, as immediately follows from the coset 
model equations of motion in Appendix IC.li 

After using the dictionary of Table [21 the coset constraint (j5.6p turns into the expression 

^fei...69|ai...a8 ^ _}L]y2^^5<l,/4^b,...bg^a^...asCQ^ 
4 



N 



which indeed vanishes in supergravity as a consequence of the truncation (|A.12bp . Therefore 
we find an extension of the set of constraints of [16] to include the mass generator. It would 
be interesting to investigate in detail to what extent the Sugawara-type structure found 
there continues to apply on this next level. 

Besides the bosonic constraints one also has to ensure that the supersymmetry S con- 
straint arising from fixing (14.10p to zero is satisfied. This constraint was already studied 
in detail in [21, 16] where it was shown that it also gives rise to the bosonic constraints, in 
particular the Hamiltonian constraint, in a canonical analysis. This is in agreement with the 
general result of [58] that the supersymmetry constraint is the 'square-root' of the bosonic 
constraints. 



^^Here, we have written out the trailing e (in the form of an extra set [6i . . . bg] of antisymmetric indices 
on the constraint) and the correct dilaton pre-factor for this level. 
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5.3 The gauge algebra 

We now consider the gauge algebra of massive IIA supergravity in D = 10 and its relation 
to global Kac-Moody transformations. It is instructive to start the discussion in a covariant 
setting where the associated Kac-Moody transformations should belong to En [23]. We 
then show how the gauge-fixing in the case of Eiq reconciles the local nature of gauge 
transformations with the global nature of Eiq rotations both in the undeformed and in the 
deformed case. 

From the definition of the field strengths (j2.2p it follows that the tensor gauge transfor- 
mations of the massive supergravity gauge potentials are (see also [47, 28] ) 

Each p-form has its own (p — l)-form gauge parameter and the field strengths in (j2.2p are 
invariant under these gauge transformations. 

In the massless case, the algebra of gauge transformations displays a hierarchical or 
Borel-type structure in that every form only transforms under its own gauge parameter or 
under gauge transformations of the lower rank forms. These couplings are determined 
by Chern-Simons terms or the so-called transgression terms (like AA^^-^F^^^^^^^ in (j2.2p ). 
This pattern persists also when higher rank p-forms are introduced in the supersymmetry 
algebra [59] and is reminiscent of a Borel type structure on the positive step operators of En 
(or also Eiq) [23,28]. In the massive case, however, the hierarchy appears to be broken as 
now the vector field Af^ transforms under the gauge parameter of the two-form, leading 
to the Stiickelberg mechanism. 

In order to make the correspondence between Eiq or En and the algebra of gauge 
transformations more precise we rewrite (j5.8p for any value of m as 



St,A^ = , 

by absorbing the derivatives and the mass term into the definition of the It is straight- 
forward to show that for example 

on all fields, where the parameter S^j^2M3 expressed through the constituent A parameters. 



^''Note that for m 7^ 0, is no longer closed. 
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The commutator (jS.lOp resembles the commutator (|3.1ip between the level (1,0) and 
(0, 1) generators. This is not purely coincidental as can be seen from considering the action 
of a global Eiq transformation of the coset element (jS.ip by a Borel element, i.e. g G E^q 
such that g is an exponential of positive step operators only. Evaluating the action V i— > Vg 
requires no compensating K(Eiq) transformation in this case since Borel-valued g preserve 
the Borel gauge. For example, for 

y = g2^'"l™2-'^ ^ g3! ^"il™2'"3-'^ i / 3 (5.11) 

one can compute the resulting transformation of the coset fields to lowest order in the S 
parameters to be 

-^in\m2raz ^ ^ -^in\m2raz ~\~ "^mimira^ ~\~ jd^^ms] • (5-12) 



This is in exact agreement with the gauge transformations ()5.9I) for the spatial components 
of the gauge fields. A similar reasoning can be carried out for £^11 [23] and the formulae are 
the same but with covariant space-time indices. 

However, this appears to pose a problem since the gauge transformations (|5.9p are 
local transformations and the Eiq (or En) transformations (|5.12p are global. In [28] the 
resolution of this problem was suggested to be to take the global limit of the S parameters 
in supergravitvrn For undeformed supergravity, this is tantamount to considering gauge 
parameters A in (15. 8p which are linearly space-time dependent. As was already pointed out 
in [28] , for the mass deformed model the appearance of a naked A^ in the variation of the 
vector field makes this limit inconsistent since then 

= d^K - mA^ (5.13) 

is no longer constant. In the covariant En formulation, one possibility to resolve this in- 
consistency considered in [28] is to introduce so-called (— l)-forms (see also [47,35]) which 
enlarge the gauge algebra. The enlarged gauge algebra should be compared with the com- 
bined algebra of En and the momentum representation li of En [57,24,26]. The result 
of [28] was that these two algebras are different: the additional fields required for closing 
the algebra once a (— l)-form is present are not those of the h representation. Consequently 
the problem was not resolved in the covariant framework. 



^''This is the general way the global part of the higher-dimensional difFeomorphisms and gauge transfor- 
mations gets inherited by the parabolic subgroup of the hidden symmetry group after dimensional reduction. 
It would be interesting to study the usual hidden symmetries of the massive theory, something that has not 
been done to the best of our knowledge. 
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Here, we work in a gauge-fixed Eiq framework and therefore the question has to be 
investigated anew. In the £^10 context, the global nature of a transformation refers to its 
time-dependence. As all comparisons are assumed to be carried out at a fixed spatial point 
all space-dependence is 'frozen'. Furthermore, only gauge-fixed quantities are compared. 
To preserve the temporal gauge (j4.3p of supergravity one has to include compensating 
gauge transformations. We will denote these compensated gauge transformations by ^a, for 
example 

6aA^ = 6aA^ + (5.14) 

and Sf^ denotes the compensator whose precise form we will not require. The compensators 
are fixed by demanding that the temporal gauge is preserved, i.e. 

6AAt = , dAAtm = , ^A^imima = . (5.15) 

Since field strengths are gauge invariant, we obtain immediately 

= 5AFtm = dtdAAm - dmSAAt + m5AAtm = dt5AAm , (5.16) 

so that 6AAra is time-independent and hence can be associated with a global Eiq trans- 
formation. In this way, the gauge-fixing resolves the tension between the global nature of 
-Eio transformations and local gauge transformations in supergravity. The local K{Eiq) 
transformations have been fixed by adopting the (almost) Borel gauge so that there are no 
local gauge transformations left in the cr- model (except for the level i = (0,0) Lorentz rota- 
tions), in agreement with the time-independence of the gauge transformation in gauge- fixed 
supergravity. This argument is valid both for the massless and the massive case. 

5.4 Supersymmetry variation of the bosons from Eio 

We define a supersymmetry variation of the coset element V via 

S,VV-^ = P + Q Geio. (5.17) 
From the explicit form of (j5.ip we obtain for the first few levels 

P = -^ea"'S,e^bS''' + 6,cl>T+^e^'''/^er5,A^iE'' + Fa) 

iJ_p0/4 mi m2 "^SX /I (T?aia2a3,p ^ , ('5 18') 

The supersymmetry variations of the bosonic fields can now be computed from the 
following observation [21]. The Lie algebra element P transforms under K{Eiq) in the coset 
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p(0,0) 
p(l,0) 
p(0,l) 
p(l,l) 




Figure 4: Illustration of the two ways of transforming the coset representation P = e ^' 
with an element k € K{Eiq): Either using the abstract coset representation P or the explicit 
expression in terms of K{Eiq) fermion hilinears. The fermion bilinear expressions are only 
meant to be indicative for space reasons. The exact expressions are given in the text. 



representation. So one can obtain any higher level component from a K{Eiq) rotation of 
level zero0 At the same time one can take the explicit expressions for the supersymmetry 
variations of the level zero fields from supergravity in terms of fermions and interpret the 
resulting expression as being constructed out of the tensor product of the 32 Dirac-spinor 
representation and the 320 vector-spinor representation of K{Eiq). Then one can compute 
the K(Eiq) action on an expression of the type P = e ^ in two different ways; either 
by transforming P according to the coset transformation, or by transforming the fermion 
bilinear according to the unfaithful spinor representations, see Figure [H Equating the two 
results yields an expression for the supersymmetry variation of the higher level (bosonic) 
coset fields. This procedure rests on the assumption that the expression bilinear in the 
fermions transforms in exactly the same way as the coset variable. This is known to be 
incorrect at higher levels [21] (notably from the level of the dual graviton onwards) and is 
related to the fact that there is a certain disparity between the fermionic fields in unfaithful 
finite-dimensional representations of K{Eiq) whereas the bosons transform in the infinite- 
dimensional coset representation. This point certainly requires further investigation. 

^^In fact, one can obtain any element from the Cartan subalgebra. The converse is not true: One cannot 
conjugate an arbitrary element of the coset into the Cartan subalgebra, unlike in the finite-dimensional case. 
This derives from the general property of infinite-dimensional Kac-Moody algebras that any element of the 
algebra is no longer conjugate to a Cartan element [60]. 
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Irrespective of the known obstacles at higher levels, we illustrate this procedure now for 
the lowest lying bosonic fields. Under a K{Eiq) rotation with generator 



6k = AaiE'' - Fa) 



(5.19) 



the coset element P transforms infinitesimally as dgk^ = [Sk, P] leading to 




16 



1 



S,a^f,)Ab{E'' + Fa) - ^6,^Aa{E'' + Fa) + \e"^l^e,"'b,A^k,T 



(5.20) 



This is the first way of transforming P = e©^. Transforming instead the fermion bilinear of 
level zero, using the formula (j3.23p . (j3.25p and (|3.26p leads for the coefficient of the dilaton 
generator T to 



where also the dictionary of Table [2] was used. Comparing the two expressions we deduce 



in complete agreement with (j2.7p . This procedure can be pushed to higher level and yields 
the supersymmetry variations of all bosonic fields from the variation of the dilaton. From 
the level of the dual graviton onwards there appear the known problems [21] related to the 
non-supersymmetry of the bosonic-fermionic coset model of section 13.41 Nevertheless this 
kind of calculation is a useful tool for studying and deriving supersymmetry transformation 
rules from Kac-Moody algebra. We also note that the same reasoning works in exactly the 
same way for E\\ since the Maurer-Cartan form (|5.20p involves a supersymmetry variation 
and therefore no closure with the conformal group is requiredJlfl We also checked that the 
same analysis in the case of -D = 11 supergravity reproduces correctly the transformations 
of the three-form and the six-form including all contributions from the Chern-Simons term 
and transgression terms. 

^''This closure plays an important role in constructing field strengths out of 9pVV^^ for E\\ since the 
/I index needs to be antisymmetrized with the indices on the generators [23]. The conformal group enters 
in this discussion due to a theorem by Ogievetsky [61] giving an algebraic description of the algebra of 
diffeomorphisms as the closure of afhne diffeomorphisms with conformal diffeomorphisms. The notion of 
conformal group is in fact misleading here as there is no conformal invariance in the theory. All that is 
required for the theorem is to have a suitable diffeomorphism generator which is quadratic in the coordinates. 
After commutation it will yield diffeomorphism generators with arbitrary polynomial dependence on the 
coordinates. 




(5.21) 




(5.22) 
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6 Trombone deformations and the dual graviton 



In a recent interesting paper [42] it was remarked that it is possible to systematically 
construct also deformed supergravity theories by using an appropriate embedding tensor 
if one gauges a global scaling symmetry of the equations of motion. Under this scaling or 
trombone symmetry, all bosonic tensor fields scale with a weight proportional to the number 
of their tensor indices: 

^ A'^G^^ , A^,,„^^ ^ AP^^,...^^ . (6.1) 



The fermions also scale appropriately such that the whole massless action scales ai 




CiB] + C^F] ^ ^jr[B] ^ ^[F]^ (6.2) 

in D space-time dimensions. This is only a symmetry of the action in D = 2 space-time 
dimensions. Otherwise it is nevertheless an acceptable global symmetry of the equations of 
motion. In the framework of gauging subgroups of global symmetry groups one can also 
consider gauging this trombone symmetry and obtain a deformed supergravity theory if 
one is willing to give up the existence of an action from which the deformed equations of 
motion are derived. This was already done in the D = 10 type IIA case in [40,41]. The 
analysis of [42] sheds new light on this somewhat neglected class of deformed supergravities 
and the relation to Kac-Moody symmetries by the following observation. In a given space- 
time dimension D > 3, undeformed maximal supergravity has a global symmetry group 
under which the vector fields transform in a certain representation. The embedding 
tensor describing the gauging of the trombone symmetry therefore has to transform in the 
representation dual to the vector fields in order to construct the covariant derivative. By 
inspection of the decomposition tables of [25] one finds that exactly this representation 
occurs in the level decomposition of Eiq or En on the same level as the representations 
relevant for the 'usual' embedding tensor which describes gaugings of the global Eh^d 
symmetry rather than of the trombone. 

The crucial difference is, however, that while from a space-time point of view the usual 
embedding tensor is related to {D — l)-forms, the trombone embedding tensor occurs in 
the tables of Eiq and En as a mixed symmetry tensor according to the observation of [42]. 
The mixed symmetry is a hook symmetry of type {D — 2, 1) with also a total of {D — 1) 
boxes. While it is clear how to associate to a (D — l)-form a single constant deformation 
parameter g (the gauge coupling) by passing to a constant space-time filling field strength 
(just like for the Romans mass), this is not so obvious for the {D — 2, 1) mixed symmetry 

^^We note that for this to be true in Romans theory, the mass has to be replaced by a nine-form which 
scales according to the general rule. 
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tensor conjectured to be of relevance for the trombone deformation. One first observation 
is that a mixed {D — 2, 1) tensor in D dimensions carries no degrees of freedom [62,63,42]. 

Here, we would like to point out that in D = 10 this (8, 1) hook tensor arises at level 
(3, 3) as can be seen from the extended level decomposition in Table [5] in Appendix IB.ll 
This implies that it is part of the D = 11 dual graviton (which is the only representation 
at £i = 3 under s[(10,M) [8]) and inspection of the associated root vector confirms that its 
lowest weight vector belongs to Eg. This is again in contrast with the other deformations 
which were all genuine Eiq generators not visible in D = 11 supergravity. The same is true 
when one continues to lower dimensions where always the lowest weight vector is part of 
Eg. Acting with GL[D — will of course also lead to root vectors which are genuine 
-Eio elements. 

6.1 Comparing the reduction of p-forms and their duals 

The fact that the hook arises from the D = 11 dual graviton by dimensional reduction is 
indicative of a general phenomenon. For forms of 'extreme rank' there is a difference in 
reducing the field or its dual. Before discussing this for the trombone generator and the 
dual graviton, let us study this for p-forms. 

In the antisymmetric p-form case 'extreme rank' means p = 0: The reduction of an 
axionic scalaiF^ from D to D — 1 dimensions gives a scalar and nothing else. The dual of a 
scalar in D dimensions is a (D — 2)-form which reduces to a (Z) — 3)-form, which is dual to 
a scalar vn D — 1 dimensions, and a {D — 2)-form which carries no propagating degrees of 
freedom in D — 1 dimensions. From the point of view of counting degrees of freedom this is 
satisfactory but it turns out that the {D — 2)-form can have an effect on the reduced theory. 
To see this consider the reduction of gravity in D dimensions coupled to a (D — 2)-form 

S'''' = I ^^-7^ - ^i^.^iD-i)) ' (6-3) 

where we denote with hats the quantities in D dimensions. This is classically equivalent to 
a scalar field x coupled to gravity (for scalar fields hats are superfluous) 

S(D) = I d^x^ (^R - ^{dxf^ , (6.4) 

where the two fields are dual via 

FiMi...fin-i — ^iJti...fiD-i^^ yi- (6-5) 

'Axionic' here refers to the fact that the scalar enters the Lagrangian only with derivatives and so has 
a global shift symmetry, see l|6.4|> . 
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Returning to the action ()6.3p in terms of the {D — 2)-form and reducing one finds with the 
standard rules 

~2{D-iy.^^*^(^-^') ~ 2(2) -2)! ^'^-2)) • (^-^^ 

The first hne contains the usual reduced metric, the dilaton (p and the graviphoton field 
strength. Here, 7 = ±y/2{D — 2)/{D — 3), in agreement with the exponent in (j2.f p . The 
definitions of the reduced field strength involves a coupling to the graviphoton via a 

transgression term whose precise form will not be relevant as it does not influence the Bianchi 
identity for which states that is a constant, which we call M, times the e 

tensor. Therefore, there will be an effective (positive) cosmological term proportional to 
e'y'PM'^, which also acts as a potential for the dilaton obtained from reduction. Furthermore, 
it creates a linear interaction term of the type M * -F(d~2) in the equation of motion of 
the graviphoton F(2) (due to the transgression term) and also a linear interaction term 
proportional to M * F(2) in the equation of motion of -F{_d_2)- 

These features are to be contrasted with what one would obtain from the straight reduc- 
tion of the scalar model (j6.4p . There no such effect arises: The scalar field is still free and 
there is no cosmological constant. Hence, reducing a scalar 0-form or its dual {D — 2)- form 
gives different results. This can be understood also from the duality relation (|6.5p . Having 
a constant -F(£)_i) field strength means that x has to be linear in the extra direction with 
slope M0 This shows that the reduction of a scalar field in terms of its dual field is only an 
honest dimensional reduction if M = 0. For M 7^ one obtains a more general reduction; 
in fact a Scherk-Schwarz reduction [64,41]. 

6.2 The trombone and the dual graviton 

After this digression let us return to the dual graviton and the trombone deformations. It is 
known that linearized gravity in D dimensions can be rewritten in terms of a dual graviton 
^pIaii...aii3_3 which transforms irreducibly in a (Z) — 3, 1) hook representation of GL(D, R) 
and carries the same number of degrees of freedom as the graviton /i^^, [9. 65-67. 63]!^^ 
Now consider the dimensional reduction of the graviton and the dual graviton which is 
summarized for the reduction from five to four dimensions in Figure [5j As is evident from 
the diagram, and also generally, the reduction will not produce dual fields in a balanced 
way. The graviton in D dimensions gives a scalar, a Maxwell field and the graviton in 

^^We ignore the transgression term in this discussion. 

^"The construction of an interacting theory solely in terms of the dual graviton is impossible under rather 
general assumptions [68]. For a non-linear model containing both the graviton and its dual as well as an 
auxiliary field see [69,70]. 
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GL(5,M) GL(4,] 



h 



'P|A'1M2- 



Figure 5: Dimensional reduction of graviton h^y and dual graviton hp\^^ from D 

dimensions to D — 1 dimensions in terms of irreducible representations of GL{D,M) and 
GL{D — 1, M) for D = 5. Objects in the same column are related by duality (in the linearised 
theory). 



D — 1 dimensions. The dual graviton in D dimensions gives a dual scalar, a dual vector, a 
dual graviton in D — 1 dimensions and one more field of mixed symmetry type. This extra 
field has hook symmetry of type {D — 3, 1) in (D — 1) dimensions and arises from the dual 
graviton in higher dimensions when none of the indices lies in the extra direction. For the 
reduction from D = 11 to D = 10 this is exactly the (8, 1) form that arises on level (3,3) 
in the decomposition of £'io@ 

The extra field carries no degrees of freedom but it could change the dynamics if it 
is non-zero, in analogy with the scalar example above. The reason why the dual scalar 
field in the p-form example influenced the reduced dynamics was that one could associate 
in a gauge invariant manner a constant to its field strength. In other words, the top de 
Rham cohomology is non-empty, and one-dimensional. Repeating the same kind of analysis 
for the mixed symmetry type tensor arising from the reduction of the dual graviton one 
finds instead that there is no gauge invariant quantity one could associate with because the 
corresponding cohomology is empty [65,67,63]. For this reason we are led to the conclusion 
that the immediate association of the trombone gauging with the {D — 2, l)-forms appearing 
in the Eiq or En tables is problematic. One possible resolution of this puzzle could be to add 
a new generator to the algebra which transforms as a 9-form in eleven dimensions. This new 
generator would appear for the first time at height 30 and change the multiplicity of the null 
root of EiQ (or En) from eight to nine. In the eleven-dimensional language it would, after 
using the dictionary [8,15], correspond to the trace of the spin connection which is always 
set to zero when establishing the correspondence. Naturally, this term would contribute to 

Going down in dimensions one finds parts of tfie Eh-d multiplets of tlie conjectured trombone defor- 
mation tensors to arise in this way wfiile others come also from different sources. 
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the {D — l)-forms in D dimensions and would transform in the same -Eh-d representation 
as the {D — 2, 1) hook which was conjectm'ed for the trombone gauging. In this way one 
would also find the right object to treat trombone gauging in the level decomposition. It is 
not clear, however, that this is the right path to pursue since it is known that adding this 
generator creates problems in the Eiq sigma model [16]. One possible habitat for such a 
new generator outside the Eiq algebra would be the vertex operator algebra based on the 
Ell i"oot lattice. This possibility is investigated in some more depth in Appendix [Dl where 
it is argued that also the trombone gaugings would not be recovered correctly from this 
modification of the algebra. 

Irrespective of these speculations about new generators, one can analyse the effect of the 
hook on level (3,3) on the geodesic equations. This is carried out in Appendix [D] and we 
verify that for D = W the interpretation of the mixed symmetry field as being associated 
to the trombone is correct forasmuch as it modifies the equations of motion of the IIA 
supergravity fields in almost the same way as is to be expected from the deformed theory 
of [40,41]. The final resolution of this question could shed new light on the role of mixed 
symmetry fields appearing in the level decomposition of Eiq (and £^11). 
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A Details for massive IIA supergravity 



In this appendix we give all the relevant details of massive IIA supergravity which are re- 
quired to establish the correspondence with the £'io-sigma model. The complete Lagrangian 
and supersymmetry variations were already given in Section 2, and will not be repeated 
here. Here we complement this with information regarding our conventions, as well as 
explicit expressions for the bosonic and fermionic equations of motion, and the Bianchi 
identities. Moreover, we discuss in detail the truncations that we need to impose on the 
supergravity side to ensure the matching with the geodesic sigma model. Finally, we also 
discuss how our conventions for massless type IIA supergravity matches with a reduction 
from eleven-dimensional supergravity. 

A.l Conventions 

We use the signature ( h . . . +) for space-time. The indices = {t, m) are (1 + 9)- 

dimensional curved indices, whereas a = (0, a) are the corresponding flat indices. Partial 
derivatives with flat indices are defined via conversion with the inverse vielbein: da = Ga^d^. 
The Lorentz covariant derivative Da acts on (co-)vectors via DctVjj = daVp + tOap'^V^ in 
terms of the Lorentz connection, which is defined in turn as 

^^al3j = 2 i^a/S-y + ^ja/S — ^/B-ya) (A-l) 

in terms of the anholonomy of the orthonormal frame e^" defined by fi^;/" = 25[^ej^]'*. 

Our fermions are Majorana-Weyl spinors of 50(1,9) of real dimension 16. As the 
theory is type II non-chiral we can combine two spinors into a 32-dimcnsional Major ana 
representation on which the F-matrices of SO{l, 10) act. These are the eleven real 32 x 32 
matrices {T^, F", F^'^) which are symmetric except for F° which is antisymmetric. We choose 
the representation such that F^'' is block diagonal and projects on the two 16 component 
spinors of opposite chirality. F'^ is the charge conjugation matrix such that our conventions 
are identical to those of [36]. 

A useful identity for our F-matrices is 

"rai---afe ( 1)^ ^ai...ai^bi...bf,-kr. , j-iOt-iIO / A ')\ 

~ (9-ky. i&i...69-fc^ J- ■ i^-^j 

The various e tensors we use are such that 

eOi-io = +i^ e°i-9 = +l, e^-9 = +l. (A.3) 

A. 2 Bianchi identities 

For the comparison with Eiq it is useful to write all supergravity equations in a non- 
coordinate orthonormal frame described by the vielbein e^" and use only Lorentz covariant 
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objects. In these flat indices the Bianchi identities following from (j2.2p are 

3-^[ai-^a2a3] ~ 'TT'-Paia2a3 ' (A. 4a) 

^D[a^F^2asa^] = 0' (A-4b) 

^-^[01-^020304,05] ^^-^[0102-^030405] • (A.4c) 
A. 3 Bosonic equations of motion 

The form equations of motion can be rewritten in 10-dimensional flat indices as 

DUe^^/^F"^) = -l^e'^/^F^^^^^^^F^,^,^,, (A.5a) 

^ TP TP a-4...osPiP2 I \ KU\ 

^ 04. ..04^ Q5...agC , yr^.ouj 
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while the dilaton and gravity equations are 

+ - lr?„^e-<^F^,^,^3F^^^^^3 (A.6b) 

_lJ_p'/'/2p I? 3 71 72 73 ^ „ 0^*^/2 F 7771727374 

12 -'^^ 071 72 73 -'^^p 128 -'^^71727374-'^^ 

A. 4 Fermionic equations of motion 

Besides the bosonic equations one also deduces the fermionic equations of motion from the 
Lagrangian (j2.ip which we write out in flat indices. For the dilatino this gives 

62, lb 



24 

- — me^^/^A - -me^"^/^r"?/;„ = 0, (A.7) 
16 8 ^ ^ 

The gravitino equation obtained directly from the variation of (j2.ip is of the form 



^o ^ Y'^f^^DpiP^ + = 0. (A.J 
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After multiplication with two gamma matrices it can be rewritten as 

= r^(D„V/3 - Dpi^a) +L^ = 0, (A.9) 

where 

La = l(TapR'^ -7Ra), (A. 10) 

o 

Although = is equivalent to = 0, the spatial components -E" and are only 
equivalent when the supersymmetry constraint £^ is also taken into account. It turns out 
that the dynamical equation that corresponds directly to the K(Eio) Dirac equation is 
E"" = 0, not too surprisingly since in this form one obtains directly a Dirac equation for -0^. 
The 50(1,9) covariant equation E^ = reads explicitly as follows: 

+ ^e5<^/4 p -/3 ^ Ae^-^/^m^^ + ^e^'P/^mVc.X = . (A.ll) 
32 ^ 32 64 

A. 5 Truncation on the supergravity side 

As explained in Section [4.11 of the main text, the correspondence between the dynamics of 
the £'io-invariant sigma model and the dynamics of type IIA supergravity only works if a 
certain truncation is applied. 
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As dictated from the BKL analysis, the following truncations must be imposed on the 
equations of motion and Bianchi identities: 

da{Ndo^) = daiNiOOab) = da{NuJam) = da{Ndb<P) = da{NiObcd) = (A.12a) 

and 

da (iVe^^/^Fofe) = da (^Ne~^/^Fob,b2) = da {Ne^^^Fo^.b^b,) = , 
da (^Ne^'t'/^Fb.b,) = da (^Ne-'^/^Fb,b,b,) = da [Ne^/''Fb,b,b,b,) = , 

dal^Ne^'^/^Tnj = 0. (A. 12b) 

Furthermore, as already indicated in (j4.2p . the spatial trace of the spin connection has to 
be set to zero 

lVbba = 0. (A.12c) 

Equations (|A.12p exhaust all truncations of the bosonic variables. As explained in the text, 
with these truncations the bosonic geodesic equations agree with the supergravity up to one 
term in the Einstein equation coming from the contribution to the Ricci tensor Rab which 
is proportional to Qacd^bdc- We emphasize that there are no mismatches associated with 
the mass parameter m. 

For the fermionic variables one also needs to apply appropriate truncations of spatial 
gradients. These turn out to be 

N-^daiNX) = N-^/^daiN^/^^b) = . (A.13) 

With this choice of truncation the Dirac equation of the coset match exactly the fermionic 
equations of motion of supergravity if in addition the supersymmetric gauge 

iPo - ToF'^V'a = (A.14) 

of (jil^ is adopted. 

A. 6 Reduction from D = 11 

Our conventions for massless type IIA supergravity are consistent with the reduction of 
eleven-dimensional supergravity through the reduction ansatz and field redefinitions given 
in this section. This construction of massless type IIA was first carried out in [44-46]. In 
this section only, we will denote the D = 11 gravitino by ^m- 

The supersymmetry variation of the gravitino in eleven-dimensional supergravity is 

= <^^^"^ + - 84?^r^^^3A^.]),(n)^(n)^^. (A.15) 
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We reduce this expression along x^^ with the following ansatz for the eleven-dimensional 
vielbein: 




The four-form field strength is reduced as follows in curved indices 

p(10) ^ 

^(10) = ^(11) , 4^ ^(10) 

where 10 denotes a curved index. The eleven-dimensional gravitino "^^^P splits into the ten- 
dimensional gravitino ip^ and the dilatino A, according to the following field redefinitions 

riOxi/jii) = le^,^X. (A.18) 
We also rescale the supersymmetry parameter according to 

e = eM</'e(ii). (A.19) 

B Details on the IIA level decomposition of cio and B(eio) 

In this appendix we give all the details of the level deomposition of eio with respect to 
5[(9,M), up to level (^1,^2) = (4, 1). In particular we give all the relevant eio commutators 
which are needed to compute the explicit expressions of the bosonic and fermionic equations 
of motion in Appendix O Moreover, we give details on the spinor and and vector-spinor 
representations of 6(eio). Finally, we also extend the level decomposition up to level (3,3), 
whose generator plays a role in the discussion in Section [6] in relation to the trombone 
symmetry and whose role in eio is studied in Appendix [Dl 

B.l Commutation relations for fields appearing in the dictionary 

At level = (0,0) there is a copy of g [(9, M) =s[(9,M)©M, as well as a scalar generator 

associated with the dilaton. Their relations are {a,b = 1, . . . , 9) 

[T,K^]=0, (r|r) = ^, {T\K\) = Q. (B.l) 

Here, (•!•) is the invariant bilinear form. We define also the trace K = X^a=i-f^"a- For 
completeness 

K = Shi + I6/12 + 24/13 + 32/i4 + 40/15 + 48/i6 + 56/i7 + 37/i8 + IS/ig + 27/iio , 

13 5 7 25 2 23 

T = -hi + h2 + -h:i + 2hi + -h^ + ?,hQ + -hj + —h^ + -h^ + —hiQ. (B.2) 
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Z\Q lUUL CI (Ji lUWcoL WcigilL 


(0,0) 


[1, 0, 0, 0, 0, 0, 0, 1] e [0, 0, 0, o, o, o, o, o] 


(-1,-1,-1,-1,-1,-1,-1,-1,0,0) 


(0,0) 


[0,0,0,0,0,0,0,0] 


(0,0,0,0,0,0,0,0,0,0) 


(0,1) 


[0,0,0,0,0,0,0,1] 


(0,0,0,0,0,0,0,0, 1,0) 


(1,0) 


[0,0,0,0,0,0, 1,0] 


(0,0,0,0,0,0,0,0,0, 1) 


(1,1) 


[0,0,0,0,0,1,0,0] 


(0,0,0,0,0,0,1,1,1,1) 


(2,1) 


[0, 0, 0, 1, 0, 0, 0, 0] 


(0, 0, 0, 0, 1, 2, 3, 2, 1, 2) 


(2,2) 


[0,0,1,0,0,0,0,0] 


(0,0,0,1,2,3,4,3,2,2) 


(3,1) 


[0,1,0,0,0,0,0,0] 


(0,0,1,2,3,4,5,3,1,3) 


(3,2) 


[1,0,0,0,0,0,0,0] 


(0,1,2,3,4,5,6,4,2,3) 


(3,2) 


[0,1,0,0,0,0,0,1] 


(0,0,1,2,3,4,5,3,2,3) 


(4,1) 


[0,0,0,0,0,0,0,0] 


(1,2,3,4,5,6,7,4,1,4) 


(3,3) 


[1,0,0,0,0,0,0,1] 


(0,1,2,3,4,5,6,4,3,3) 



Table 5: sl(9,M) level decomposition of Cio with root vectors. All shown levels are complete. 
The very last entry is that of a mixed symmetry generator not studied for the dictionary 
of Table [21 Its possible relation to trombone gauging is discussed in Section and in 
Appendix!^ 

All objects transform as 0[(9, M) tensors in the obvious way. The T commutator relations 

are 



[r,i^»^] = -i?"S 

[T _ ^^ai.-.ae 

[T £"^l---'^9] = __^ai...a9 



[T E'^^'^'^j = Ji^'*i''2 

[T _ _^^ai...a5 

^ ~ 4 



[T, E"^- 



(B.3) 



0. 



[r,£;''i ■••'='«] = 0. 



The positive level generators are generated by the simple (fundamental) generators on levels 
(0,1) and (1,0) by 



[E''\E"'^] =0, 

|-^aia2 ^aa-.-arj _ j^ai...af 



[JTjaia2 j^a:j...a<j-\ _ j^ai...aQ 



(B.4) 



.07] 



Tpao\a-i...a7 , _Tpaoa\...a7 

2 
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These defining relations imply for example 

J^aia2^ J^a3...a8j _ 



2^[ai |a2|ffl3---i8 _|_ JTj"-! - 
1 



2^[ai|a2a3]a4. 



j^ai...as 



5^ 



[ai |a2...a5]a6a7a8 



1 



-E' 



'ai...as 



(B.5) 



ai |a2...a6]a7a8 _ j^a\...ag 



2 



The Young symmetry on the dual graviton implies i<;'^o|ai---a7 _ 7^[ai|a2...a7]ao_ rpj^g 
irreducible representations on (3, 2) are projected onto via 



j^ai...as 
£<ao\ai...a7 



7 



j^ao\ai...a7 _ ^ I j^ao ^ai...a7j _|_ 

8 V 

jTjaolai J^a2...a7] ^ ^[aia2 ^a3...a7]ao ^ 

The definitions (iRij) are such that the normalisations are 
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(B.6) 



1...8/ 



ai...a7 



7 



rai...a7 , r[ai (-a2---a7]i0 



- • 7' Aao^ai-a? I rlH I' 



(B.7) 



feo|bl---fc7/ 

The additional factor of 2 in the normalisation of the 8-form is chosen such that all structure 
constants remain rational. 

Defining the transposed generators via F = E'^ as usual gives the following commuta- 
tions relation between the form generators and their transposes: 



[E^^Fb 
[E'''''\F,,k2 

[E'^'-'^^F,,,,,,, 
[i^"^•••"^i^^,l...^,7 



l5lK + K\+^-6lT, 



3 

'8 
5 

'8 
3 

'4 
7 



3! KTJ:K + 3-3! 3] + 3CX^ ' 



01. ..05 [01...64 O5 



2 01. ..65 ' 



6! + 6-6! <5|:;.:J + 6' > 



(Bi 



71 eai ...a7^Ti 



9! + 9-9! c^I^.^/^'^t] - i • 9' ' 



47 



The commutator of the dual graviton generator ^<^o|ai---a7 ^.^^^ ]-,g most conveniently written 
using a dummy tensor Xag\ai...a7 as 

77. , X I Tpao\ai...a7 



6o|c[fei...fe6^%] ) (B-9) 



The generators of different rank commute in the following non-trivial way: 





E-, 




6263 




Fb, 


...65 






Fbi 


...be 




..as 


Fbi 


...be 




..as 


Fbi 


...bj 




..07 


Fbi 


...ba 



-%\ZFb,] 



1 



^%\ZFb-,b,bs] , [E-'^'^^Fb,...bs] = 606;\llllFb,bs] , 
E^^^^^^Fb,...b,] 
[E'''''\Fb,...br] 



-^^[biFb2...be] ) 



^^^"[bMa-^bibsbe] > 
-7-65;r,^i^.3...M' 



(B.IO) 



2 ■ ^[bi'.'.Ts^bebv] , 

r^^-^ib\:.Z^bsb,]. 



9 ■ ^^[b\ZFb3...bs] , 



Anticipating the geodesic equation we know that (jB.lOp describes all the couplings between 
the different forms occurring in the matter equations, so that for example the 9-form (=mass 
term) occurs only in the Bianchi identity for F(2) ^^^d in the eom of -^"(3), consistent with 
(|A.4p and (jA.Sp . The dilaton and Einstein equation are described by the couplings of 
equations ([R8|) and (jR9|) . 

The commutators with the dual dilaton are 



^ '°[blb2^b3...bs] 1 



[E'^,Fbi...bs] - -QS[b^Fb^_bs] , [E°''-°'^,Fbj^,„ba] 

= 2.7. e6^b\lTblFb,...bs] , [i?"^••■'^^i^6,...6s] = 2 • 7 • si^^vt^F.^...^, , 

[E^'-''",Fb,...b,] = 2 • 7!<5;V:7,i^;,76s] , [E'''-^\Fb,...b,] 
whereas for the dual graviton one finds 

~8 {^^oFbl...bT + S[b-,Fb2...b7]bo) 

Y (,%[6/te...M +^[bib2^bi...bj]bo) > 





-^60 


bi. 


.br] = 




Fbo 


bi. 


■b?] = 




Fbo 


bi. 


■b?] = 


^^ai...a5 


Fbo 


bi. 


■br] = 


^^ai...a6 


Fbo 


bi. 


.br] = 


^^ai...aT 


Fbo 


bi. 


■br] = 
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- - 7? 1 4- X'^i'^ias p 
4 y-bQ[bib2 ''^■■■br] ^ ^[bib2b3'^ b4...br]bo J ) 



5-7! 



rai...as 



3 • 7' / 

"r^ '• / rai...a6 77 I i:ai...a6 77 

7-7! 



'bo[6i...b5^667] "T "[bi... fee -^''7] bo ) ' 



rai...a7 77 _, i:ai...ar rp 
"bo[6l--f)6^7] "T "61. ..67 -f^fco 



(B.12) 
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B.2 Spinor representations of 6(eio) 

For the Eiq model to incorporate all low energy limits of M-theory in a single model, the 
fermionic representations used in (13.360 should not depend on the particular supergravity 
one wishes to study. Rather the unfaithful 320 and 32 representations of t{eio) should be 
decomposed under a suitable subalgebra. Here, this subalgebra is so(9) C gl(9,M) and this 
appendix provides the details of the action of the t{eio) generators in this basis. When 
doing the following calculations we found the computer package GAMMA [71] useful 

B.2.1 Dirac spinor 

The result of writing the K{Eiq) action on the Dirac spinor is (we recall the notation M"!"^ 
for the level (0,0) generator of K{Eiq) from (j3.17p ) 





e = 


^ piia2 

2 ' 




71112 

•^(1,0) 


e = 




Til 12 13 
•^(1,1) 


Til ■ ■■15 

-^(2,1) 


e = 




Til ■■■16 

(2,2) 


•^(3,1) 


e = 


1 

^ p11---17 

2 


(3,2) 


T11---18 

(3,2) 


e = 


0, 


Til ■■■19 
-^(4,1) 



g _ _p11l2l3g 

2 

c — — ^rii-^^16. 



Il'p12'"17] 
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e. 



(B.13) 



where the generators above levels (0,1) and (1,0) are defined through the lower levels as 
follows 



j: 



1-010213 
-^(1,1) 

Tll---15 
•^(2,1) 

Tll---16 

(2,2) 

•^(3,1) 

ao|ii---i7 
(3,2) 

jai---as 

(3,2) 

•^(4,1) 



• e 

• e 

• e 

• e 

• e 

• e 



t[ii12 TI3] 
•^(1,0) '"^(O,!) 

t[ii12 TI3I4I5] 
•^(1,0) '"^(l,!) 

t[ii t12---16] 
"'(I,!)' "^(l,!) 

j[aia2 ja-i-ar] 
"^(1,0) ' "'(2,1) 

7 / r 

' TlO Tll-^17 

"^(0,1)' "'(a,!) 

,-[1112 t13^^^1s] 
•^(1,0) '"^(2,2) 

t[ii12 t13-^-19] 

"'(1,0) '"'(S.l) 



+ 



j[ai ja2---aT\ao 
"^(0,1)' "^(3,1) 



(B.14) 



We stress that this kind of construction is guaranteed to yield a consistent unfaithful repre- 
sentation of all of t(eio) given that a few simple consistency conditions between the lowest 
level fundamental generators are satisfied [21]. That these conditions are satisfied here can 



We are grateful to Ulf Gran for generous help in modifying GAMMA to suit our needs. 
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be checked easily directly, but it also follows from the branching of the transformation rules 
given in [17, 18]. 



B.2.2 Vector-spinor 

By reduction of the transformation rules of [18, 19] one obtains that the fundamental fi(eio)- 
generators act on the vector spinor representation as follows on the ^'lo component 



•^(0,1) • *io 



1 



rior"*io + 



'(1,0) g 

On the ^'a (a = 1, . . . , 9) component they act as 



<^ri,o) • 



1, 



+34"^r-i*io-3., 



T-1 aia2,T( 
10 — o h ^10- 



The other levels action is then computed to be on ^'lo as 

1 



"3 . \I/ 



j: 



jai- 
•^(1,1 

tOI-- 

•^(2,1) 

jai--: 
(2,2) 

•^(3,1 

jai- 
(3,2) 

ao|ai-- 
(3,2) 

•^(4,1) 



10 



"5 . ^ 



«7 . ^ 



0-8 



10 



10 



10 



10 



«7 . ^ 



10 



ag 



'10 



I' 

'10 -4rior["i-"8^'"6] 



*10 = 



2 
1 

2 
1 

6 
1 

2 

4 32 

■-rior"i'""®*10 Jplai-aT^as] 

3 3 

9 r 1 

-rior"^'""®*io — i5r^"^"""^*"^^ 



(B.15) 
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On we obtain similarly 

^ ' 2 3 3 

jai---a6 . _ _lpai-- a6xl/^ _|_ XQ^^"^ r"^"'"^ ^"''^ — 4Yfj'^"-^ '"-^'^"'^^ 

(2,2) 2 ^ 

+I^riorb''o['*i ' "''^"^i - rio4''^r''2 -<^7]vj/ao 

-24rio4'''r"2-'^8^a9] _94''ir''2 -'^9]^^p, (B ig) 

We note that the mixed symmetry generator at level (3, 2) indeed satisfies 

•^(dr""'^ • = (B.17) 

as desired. 

C Equations of motion of the Eiq/ K{Eiq) coset model 

Using all the explicit commutators and representations of the Appendix [Bl we can now 
write out the bosonic and fermionic equations of motion in their full glory. 
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C.l Bosonic equations of motion 

The level zero equations of motion read 



«2i _ 3</>/2p p _Op-'t>p p J^\p't>/'^p p 
^tr' ^ a ^ a\a'2,^ a\a-2. g 010203-' 010203 



2 4 

p-<t>/'ip p _i p0p p 

J ai...a5-' ai...a5 gj ai ...ae ai ...oe 

.^p-30/2p p _l^p-5</>/2p p 

01... 07-* 01. ..07 gj I' 01... 09-* 01. ..09 



C1C2C3-' C1C2C3 c J OC1C2-' 0C1C2 
^aO^ C1---C5-' C1---C5 ' ^ OC1---C4-' 0C1---C 



4.4r "OC^- C1-C5- C1-C5 i 



3 2 

rC'^'^ofe-fci-'-Cfi-^ci-'-Cfi ~l~ TT^'^-^oci-'-csPbci-'-c 



2 gl - -uu- C1---C6-' C1---C6 ^ ^1"^ ^ aCl---C5-^ bCl---C5 

^ gyC '^'^ 6abPci---C7Pci---C7 ~l" '^^ Paci-'-cePbci-'-CQ 

~ gj'^0&-fci-C8-fci---C8 "I" ■yj'PoCl--C7-P6ci-C7 

"1^^ . gj ( ~ <^afe-fco|ci---C7-fco|ci---C7 + -fo|ci---C7-f6|ci---C7 
"I" '^-^co I CI ■ ■ ■ C6 a -^co I c 1 ■ ■ ■ C6 fe ) 

_ g|6 ^'^^ ^o6Pci---C9 + ^'^'^ Paci -csPbci—ca ■ 

For the higher level fields the equations of motion become 

^ (e '^^ P(x) = e"^*^ PoClC2-^ClC2 "I" ^6'^PoCl...C6Pci...C5 "I" PoCl . . .C7 Pci 

7 

~^~|~^(-^ci|ac2...C7-Pci...C7 + Pa|ci...C7-fci...C7) i 

n(o) ('p-0 p \ _ ip<i>l'^p p j^\p-4>l'^p p 

\c. ^ 0102^ — J ai02C-' c ~ 0102C1C2C3-' C1C2C3 

, 1 -3<?i/2p p . lp-5</>/2p p 

ai02Cl...C6-' CI...C5 C -'^0102C1...C7-'^C1...C 



-I p p 

T^^i-' 010201. ..C6-' C1...C6 



1 

6!' 
3 

^(-^Cl|oi02C2...C6-^Cl...C6 "I" -^Ol |o2Cl...C6-^Cl ...C6 ) 5 

n(0)|'>/2p ^ _ _„-</'/2p p _ip</'p p 

-"-^ ^."^ -'010203^ O1O2O3C1C2-' C1C2 2*-^ 010203010203-' C1C2C3 

-J-P P 

2-5! "1*^20301. ..05-' C1...06 
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"'"256^"^'^ll'^l"2a3C2---C5^ci...C5 + -fai|a2a3Ci...C5-fci...C5) ; (C.2c) 



nio)(p-(l>/^P ^ — Op'Pp p —p-^<t>/'ip p 



P p 

+ ^(-fci|ai...a5C2C3-fci...C3 + -fcti |a2...a5Ci...C3-fci ...C3) 1 (C.2d) 



r)W(p<l>p \ — --P p 

^ \^ J^ai...a(i) — 2 '^i---"6CiC2-rciC2 



3 

~Yq^^'^i\°-i- -"-6'^2^ciC2 ~^ Pai\a2...aeciC2^ciC2) j (C.2e) 

n(0)/p-3</./2p N _ _-5<P/2p p ,3 

\c- 1 a\...a7) — ^ ai...a7CiC2^ c\C2 2 CLi...a7C^ c 

7 

~^(-fc|ai...a7-fc + Pa-i\a2...aTcPc) ; (C.2f) 

^(0)(g-5^/2p^^ = 0, (C.2g) 

I?(°^Pai...a8 = 0, (C.2h) 

^^°^Paolai...a, = 0. (C.2i) 



C.2 Fermionic equations of motion 

The fermionic sector of the ii^io-invariant Lagrangian involves a Dirac-type kinetic term for 
the 320-dimensional vector-spinor representation ^ of J(eio) which was given in (I3.36p . The 
resulting Dirac equation can be evaluated for both the and the ^'lo components as in 
(j3.38p using the expressions for the K(Eiq) action which were derived in Appendix IB. 2[ 
The result for the ^'lo component up to level (4, 1) is 

= 9*^10 - ^9aia2r"^"'^10 

- ^e-^/2p^^^^p^^paia2^^^ _ 2^-<^/2p^^^^pai^a2 

4 4 

3-8! ^10 2 _ -'^ai ■ ag-L 
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+ 2T^P,|ca,..a6rior"^-"«*io 

1 1 ^ 

e-5^/^P„,...„9rior"i-''9*io + --e-5^/^P„i...agr«i-«8^"« + . . . , (C.3) 



2-8! * ui - ug- - ±u i gi 

and is related to the dilatino equation of motion in the body of the article. 
For the gravitino component one finds similarly 

- ^e-'^/^Pt„b,r,or'^'^^a + le-^/'PabT,o^' - le-'^/^Pb.b.r^ora''^'' 

-^e-'t'/^PabT'^io + le-'f'/^Pb,b,ra'''"^io 

- Le'^/^Pb,b,bsr'^-''^a - '^e''^/'Pab,b,r'-^'" + le'^^'Pb,b,b,ra''''^'-' 

- 2^e-'^/^P5,...65rior''i-''«*„- ^e-'^/^p„b,...6,rior''--^3^''* 
+^e-*/^p,,..5,r„''i-^s*io 

+ ^e'f'/''Pb,...ber'''-''^a - ^e't'/^Pab^.-.b^r"^-''^'' + ^e'f'/^Pb,...bera''-'''^'' 
^ -e-3<^/"P(„...6,r''i-^^*„ + ^e-''^/'Pb,...brra''-''^'' 



2-7! '"i-"7- ■ g|- 

+ ^e-^'t>/^Pb,...brrioTa'''-'''^10 
+ ^Pb,...bs^lora''-''^'' + ^Pab.-br^loT''-''^^'' 
+ ^Pb,-bsra''-''^lO - ^Pab,-brr''-'''^lO 

^ rPc|c6i...6«rior^^-'«*a + ^Pb.iab.-b.rioT'"''-''^''' 



2 . 8! ' 2-8! 

49 42 7 

+ j^Palb,-br^lor'^-''^'' - ^Pclcb^-be^loTa''-''^'' + -^Pc\cb,-be^a'''-'''^10 

-j^Pboibr-c^rioTa''^'^-''^'' + ^P5„|.,,...,,rior^--^«^'^° 

-J^Pbolb^-br^lora''-"'^"' - J^Pbo\ab,-be^''''-''^lO 

-^Pa\b,-b,r'--'^^io 

^e-"^/^p,,...,,T,or'^-'^^a + ^e-'f/'Pb,...b,riora''-''^'' 

24 1 
+_e-''f>/^Pab,...bs^ior'"-''^'' + gye-5'^/^P„6,..63r^i-^«*io + ■ ■ ■ ■ (C.4) 
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C.3 Supersymmetry variation 

In the same fashion, the supersymmetry variation given in (|3.39p can be written exphcitly 



as 



_ ^_p0/4p Yaia2ai _}_ -<f>/ip -pai --a5 , ^ „<i>l'iT3 T^ai 

2-3! -'^0110120.3-'- *^ 2-5! -'^ai '-as-L lO-L 2-6! '^o,\ --o,>i'- 

1 7 

-30/4 p pai-- a7r p Ti nT"! ""e 

|C J^a-^.-.a^i t -'^c|cai-- a6-'- 10-'- t 



2 • 7! 2 • 8! 

- ^e-''^/^Pai...aarior'^i-9e + ... (C.5) 

D The trombone generator 

The generator which was conjectured in [42] to be related to deformations of supergravity 
involving a gauging of the on-shell trombone symmetry appears in this case on level (3, 3) 
and has the index structure £'"o|ai---a8 -v^^ith vanishing totally antisymmetric part. As noted 
in the text, it descends from the usual dual graviton in L) = 11. From Table [5] in Appendix 
IB. H it can be seen that the conjectured trombone gauging generator arises from a generator 
of Ei^ since its first root entry is zero. More precisely, in current algebra language it is the 
affine level one copy of the lowest root of -Eg- 

D.l Appearance in the coset equations of motion 

We now work out the commutation relations of this level (3, 3) generator without entering 
into all the details. It can be defined as arising from a commutator of level (0, 1) and (3, 2) 
via 

Jj7;ao ^ai.-.agj _ ^ao|ai---a8 

This definition implies that also |^£"io|ai---a7 ^ ^agj ^ contribution to the level (3,3) gen- 
erator. This coupling is related to a Lorentz covariantization and we will not study it in 
detail here. The generator £:'^o|ai-- a8 transforms in a hook representation of 5-L(9,M) and 
carries charge 3/4 under the dilaton generator T 



^[ao|ai...ag] _ q 



...as 



3^ao|ai...a8 ^ (D.2) 



From the commutation relations of Appendix IB . 1 1 and (jP.ip one deduces that £''*o|ai--a8 
has non-vanishing commutation relations only with the negative level i^-type generators as 
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follows 



j^ao\ai...as 

and of course with its own dual Ft 



-7- 12 fCiT'-E^^-""' 
010203 



^[0-11213 j^a3...ag]ao 
61 62^3 



2 • 7! u: 



^ao[ai...a5 
.be 



61. ..be 



bo\bi...bs 



and Ft 



bi-.-bs 



(D.3) 



feo|bl...b7' 



We introduce the contribution of 



this generator to the Maurer-Cartan form (j3.43p as 

-p . -p I i_p3</)/4 p qao\ai 



(D.4) 



The commutators (jP.SP imply that the geodesic equations (jC.ip and ()C.2p get additional 
contributions in the following way 

1 



^(°)(e<^Pa,...ae) 



6 • 8! 
1 

2 • 6! 



3(/>/2 p p I 

^ a|ci...cg^ ci...cg • • • 



3(/>/2 p P I 

Ci|c2... £6010203-' ci...ce ~ 



2^"^ ci|c2C3ai...a6-' C1C2C3 • • • 



(D.5) 



and an additional contribution in the dual dilaton equation and dual graviton equations. In 
addition, there are contributions to the Einstein equation and scalar equations of the form 

1 



Pab 



4-9! 



3 "^^ {Pa\ci...cs-Pb\ci...cs + ^Pco\ci...craPco\ci...crb 



cq\ci...csPco\ci...cs) + • • • 



24 • 9! 



3(/)/2p p _|_ 

C0IC1...C8-' Co|ci...C8 • • • • 



(D.6) 



D.2 Comparison to the trombone gauged supergravity 

We now compare the new contributions in the geodesic equations (jP.SP and ()D.6P to the 
equations of motion of the deformed supergravity where the trombone symmetry has been 
gauged [40,41]. We use the equations given in equation (5.7) of [41] where we note that 
their dilaton has the opposite sign to ours. As is known, the equations of motion after a 
trombone gauging contain bare vector potentials, denoted by in [41] and corresponding 
to our vector potential A^, together with the deformation parameter. This deformation 
parameter is denoted by m there but we call it M in order to avoid confusion with the 
Romans mass parameter. For this Appendix only we turn off the Romans deformation 
and consider instead the trombone deformation M. We do not know how to describe the 
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terms containing the bare A^; we ignore these terms but instead focus on all contributions 
involving only the trombone deformation parameter M. 

The relevant terms to be taken from (5.7) in [41] are then (after changing the sign of 
the dilaton) 

Z)„(e3<^/2^"/3) ^ -Urndf^cl) + . . . , 
Z)„(e'^/2^"^i/32/33) = 6me-'^F^^^^^^ + ... , (D.7) 

for the form equations of motion and modified Bianchi identites (cf. (5.9) in [41]) 

In the Einstein equation the correction is 

R^f, = ^m'e-^^'Sap + • ■ ■ , (D.9) 

while there is no new term in the dilaton equation of motion. 

Comparing the equations (jD.7p and (jP.Sp to (|D.5p one sees, upon use of the dictionary 
of Table [2] one sees that the new terms in the Eiq equations (jP.SP appear precisely in the 
right equations and with the correct dilaton prefactors in order to correspond to (|D.7p and 
(jP.Sp if one made a dictionary of the type 

Pa,\ar...as ~ e-'^'t' ea,a,...a,m . (D.IO) 

However, the hook symmetry of the (3, 3) generator forbids the use of the epsilon. As 
discussed in Section [6] and in [42] there is no other way to associate a single parameter m to 
the hook tensor in an S'0(9) covariant way. We note that using the rough correspondence 
(|D.10P in the Einstein equation of (|D.6p will yield also a term with the correct dilaton 
prefactor compared to (|D.9p . In the dilaton equation, on the other hand, there is no new 
contribution from the trombone gauging in supergravity, indicating that the particular 
contraction in (|D.6p would have to vanish. This is, however, not possible since it is a sum 
of squares. 

Barring these difficulties we find it interesting that the hook generator appears in the 
right equations and also yields the right dilaton prefactor. Without a way of extracting a 
single deformation parameter m, we cannot confirm the association of the hook generator 
to the trombone gaugings. 

One possible resolution of this puzzle was hinted at in Section [6] where it was suggested 
that in a vertex operator algebra based on the En root lattice one would obtain a new 
generator (associated with an imaginary simple root of the Borcherds algebra of physical 
states) on level (3,3) that transforms as a nine-form under 5^(9, M). In a way similar to 
the discussion of the Romans mass one could associate a mass deformation parameter with 
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this new generator. However, it being a new simple root it would not produce the same 
couphngs to the lower level fields as in (|D.3p but commute with them. Therefore, this 
possibility also seems ruled out as a resolution of the trombone gaugings. 



E eio and ^(eio) at s[(10,M) level 4 



The decomposition of eio relevant for D = 11 maximal supergravity is the one associated 
to the exceptional node ii in Figure [3l This is thus a decompositon with respect to the 
'horizontal' s[(10,M) subalgebra. At levels ii = 1, 2, 3 one obtains respectively a three-form 
j^aia2a-i ^ a six-form £"^i'"'^6 and a nine-index tensor i^J^'l^i ^^s with mixed Young symmetry [8]. 
These generators have a natural interpretation as D = 11 supergravity fields following the 
dictionary derived in [8]. In this section only we use the convention that latin indices 
a,b,c, . . . are s[(10, M)-indices and hence run from 1 to 10. 

Proceeding to level ii = 4 one obtains two distinct representations corresponding to the 
tensors i^;c'l''|ci --cio jj]aia2a3\bi---b9 ^ both with mixed Young symmetry [13,43]. Neither of 
these generators has a physical interpretation in terms ol D = 11 supergravity degrees of 
freedom. However, as we have seen in the main text of this paper, upon further decomposion 
('dimensional reduction') with respect to the node £2 in Figure [3] the generator ii"^l*l'^i'"^io 
descends to the 'mass term generator' of massive type HA supergravity in the following 



where = 1,...,9. Therefore, although no D = 11 interpretation exists for the full 
level 4 generators, in this way one obtains a physical interpretation of part of the level 
4 representation content in the context of the massive HA theory. In the main text we 
have analysed Cio in a multilevel £ = (£1,^2) decomposition with respect to s[(9,]R), which 
directly reveals the spectrum of massive HA supergravity. For completeness we shall in this 
appendix derive the commutation relations for cio at level 4 also in the D = 11 picture. 
Our results confirm a previous algorithmic computer algebra analysis in [43]. In addition 
we shall use our ii = A results to extend the t(cio)-representations 32 and 320 up to 'level 
4'. 

E.l The Cio commutation relations at level four 

In the decomposition of the adjoint representation of Cio in terms of representations of 
s[(10,M) we find two tensors at level 4, both with mixed Young tableaux symmetries: 



way [37,54] (see also ^J5\i ) 



E' 




(E.l) 



8 



E 



ia|b|ci---cio 



j^{a\b)\[c-i---c\o] 
^[aia2a3]|[6i---69] 




(E.2) 
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Note that the first tensor can be simphfied by puhing out the block of 10 antisymmetric 
indices, 

In the fohowine; we shall use only £;«iN2|ci-cio as it is more easily related to the mass of 
massive II A supergravity. The second generator is also subject to the Young irreducibility 
constraint 

J^aia2[a3\bi---bg] _ (E.4) 

which is crucial in simplifying expressions involving this generator. To avoid an excess of 
indices in the text, we will often refer to the two level 4 generators schematically as E^^^^^^ 
and S^l^, where the superscripts encode their respective index structures. Unless otherwise 
specified we shall throughout this section employ the convention that blocks of indices of 
the same type, e.g. oi, • • • ,ar, are implicitly antisymmetrized. For example, 

■I^aia2a3\a4---agbib2b3 _ J^laia2a3\a4,---ag]bib2b3 

However, in cases where '0' is used as a subscript on an index, no antisymmetrization over 
this index is assumed, i.e., £;«oaia2|a3-a8fei62fc3 = £;ao[aia2|a3 - a8]6i62fe3. In addition, we let 
blocks of indices of 's'-type, i.e., si • • • Sr, have implicit symmetrization. 

We use slightly different conventions compared to [43] , although we have checked that all 
our results are compatible with this reference. More specifically, our generators are related 
to the ones of [43] as follows 

Tpaia2a3\bT_---bg _ _210 aj^ajaslfei-'-ftg 
- 98 ^[43] 

j7isi|s2|ai---aio _ _ ■j^2J7;'*l l^^^lai ■■■nio 

The level li = A generators can be obtained through commutators between generators 
at lower levels. Considering first the commutator between two level 2 generators, one finds 
that this yields only the generator E^^'^ at level 4, because no irreducible representation of 
s[(10,M) which contains symmetric indices, as in i^^l^l^*^, can arise from the tensor product 
of two completely antisymmetric tensors. Thus, it is natural to define 

^j^a-i---a(i j^bi---b(i^ ._ J^aia2a3\a4a5aebi---be _ J^bib2b3\b4b5beai---a6 ^-g -^^ 

where the two terms on the right hand side are chosen in such a way that the antisymmetry 
of the commutator on the left hand side is taken into account. This relation can be inverted 
by using the irreducibility constraint ()E.4p to give 

^111213 1''! ••■''9 _ ^2^E"'^"'^"'^^^^^^^ J7lb4---bgj ^-gj g-j 
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We note that the 'hook'-symmetry of the left hand side of this equation is matched also on 
the right hand side, as can be seen by employing 'overantisymmetrization' (also known a 
Schouten's identity). For example, we have 

j-^ai [0203616263 ^64---69]j _ Q ^ ^^aia2 [0361 6263 ^64---69]j _ Q (E 9) 

The second level = 4 generator is generated from the commutator 

J^aia2a3 j^bo\bi---bsj ._ ^j^ai\bo\bi---bsaia2 _^ jjja3\bs\bi---b7boaia2'^ 

_^j^^l^bobib2\b3---bsaia2a:i _ jjjbib2b3\b4---bsboaia2a3'^ -j^Q-j 

where we have taken into account the mixed symmetry i^'t^ol^i - ^'s] = g of the level 3 tensor. 
We take this as a definition of the generator £'^1^1^'^, explaining the absence of a pre- factor 
in the first term on the right hand side of (|E.10p . The coefficient A, however, is already 
fixed by (|E.7p and the Jacobi identity and will be determined shortly. 

This definition of i<;*il*2|ai - a.io (.^j-^ )-,g g^jgg inverted by a suitable projection, and we 
obtain 

^si|s2|ai---aio _ }^l^j^agaioSi ^S2|ai---agj ^-^-^ 

3 

where we made use of the convention, introduced above, that indices of 's'-type are implicitly 
symmetric. To arrive at (IE. IIP we also used the trick of overantisymmetrization on the 
indices oi • • • aioSi, which yields the following identity 

I 1 I 

10 ■ ^ ' ' 

The coefficient A can now be fixed by requiring consistency, which in this case amounts 
to invoking the Jacobi identity. We shall need the following relations (recall our conventions 
for implicit antisymmetrization on indices of the same kind) 

^j^aia2a-i ^6i- -66j _ |(i2a3^'i ■■•be 

Using the Jacobi identity we may then write (jE.SP as 

■^aia2ag\bi---bg _ _^2^£;^i^263 J^cii\a2a3b4---bg-^ ^^-^ 

Now, by inserting (|E.10p on the right hand side we find that this equation is only satisfied 
for the unique value 

A = --. (E.15) 

Thus, equation (lETOll becomes 

\^j^aia2as l^i'-'^'S j _ ^j^a3\bo\bi---bsaia2 _^ jjja3\bs\bi---b7boaia2'j 

^■^bib2b3\b4---bsboaia2a3 _ ^bobib2\b3---bs,aia2as\ -j^g\ 

5 
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Finally, from our definitions ()E.7p and (|E.16P and invariance of the bilinear form, we 
deduce that the level 4 generators have the following normalisation: 



aia2a3\bi---bg i 



\lC2Cs\di—dg 



[bi-b7 



106\ 



fpsi\s2\ai---aw\p 

^ K ri|r2|fei---bio 



ai---a3 s:[''i---f'6 rfcr-'-bg] 

[di-d3%-d9]°Cl--C3 

(E.17) 



E.2 The Dirac-spinor representation e of t(eio) 
We proceed to define the 6(eio)-generators at 'level 4' as 

jSi\s2\ai---aio psi|s2|ai---aio rp 

•^(4) ~ ^ sx\s2\ax---axQi 



j: 



aia2a3\bi---bg 
(4) 



j^aia2a3\bi---bg _ p 



a-ia2a-i.\bi---bg i 



(E.18) 



with the 6(eio)-generators at levels 0, 1, 2 and 3 defined similarly. As for the eio-generators 
at level 4 we will sometimes denote these generators by J^^^'^ and «^(^4^- We want to find 
how they act on the object e, which is a 32-dimensional spinor representation of t(eio). 
Subsequently, we shall generalize this to the 320-dimensional vector-spinor representation 

For the levels 0, 1, 2 and 3 generators we have [17-19,21] 

1. 



J, 



a\a2a-i 
(1) 

jai-ae 



■ € 



'(2) 
jao\ai---as 



2 ' 

^-paia2a3 

2 
2 



(E.19) 



The extension of this representation to level 4 can be obtained by considering the com- 
mutators [<^(i)) -^(3)] and [ J(2) 5 •/{2) ] ■ Schematically, they have the following structures 



[J{2),J{2)] 



J t1|1|10 .3|9 

-'(2) + -^(4) + -'(4) , 



M + J, 



3|9 
(4)' 



(E.20) 



where the </(4)^'^'' generator is absent from the second commutator because of ()E.7p . 



We can then derive j^'^i°2a3|6i bg ^ging the projection (jE.Sh . which yields 



jaia2a-i\bi---bg 



42 



aia2azb\b2b3 jb4--bi) 
(2) ' -^(2) 

42 • 605,XCr,,...,,e + 42 • 9<5,";r-2-^,...,,6. (E.21) 



We now proceed to the other level 4 generator, J^^^^^ ■ This arises from the commutator 



1-010203 jbo\bi---bs 
•^(1) ' -^(3) 



e. 



(E.22) 
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Using the projection in (jE.lip yields 

10 

y L 

We may now use equation (|E.12p to rewrite (|E.23p as 

jSils2lai---aio 



TSi|s2lai---aio 



jagaiosi jS2\ai---as 
-^(1) ' "^(3) 



f — ID • d^^^V^^ f 

e — lU ^0^_^L a2-aio* 



'(4) 



A 6' 



e. 



(E.23) 
(E.24) 



E.3 The vector-spinor representation ^ of t{tio) 

Let us now move on to the 320-dimensional vector-spinor representation ^ of 6(eio). In 
5o(10) language it is written as ^a- For the levels 0, 1, 2 and 3 generators we have [18,19,21] 



Hi 02 



j; 



M' 



jaia2a'i 

ao\a\---as 
(3) 



16 



16 



16 

- 168<5°l Eb'^^ ■ ■ -ar ^ag (^ai pa2 ■ ■ ag ^ao 

3 



(E.25) 



3|9 

We proceed in the same way as before, and derive the J^^^ -generator from the commutator 
[J(2), J{2)\ ■ Using ()E.25P we must compute 



"'(2) ' '^(2) 



■fee 



(E.26) 



Performing this calculation and projecting onto J^i^^aslbi bg ^gjj^g (jE_gp then yield; 



^(4) • "^c 



42 



(4) 

TOi 02036162^3 t64--69 
-^(2) ' "^(2) 



-504005™:r6....68*feg - 504056X^:^64-69 
+m2mll^^^T'^\,...,,^,, + 252005,"i,"^^gE,3...,,^'b, 

+403205™r64...6sc^'6, + ^QAQ5lllT'^\,...,,^'^^ 

-2b2Q5l'llTi^sb,^^' + 50405,Xr63-69c^"' 

+5040(5,Xr'^^3.fe8c^69 + 6725,-1 F'^^^,. 



0203 
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-4032(5;^^iF'"2^2...bgc^''3 _ 2688(5;;^ 
-2016Cr'^'"^i -68*69 - lQl2%5llT''^''\,...b,c'^b, 

-25205,X6?r64-69^'c + 3785,";E'^2'^3fe...;,g^e. 



(E.27) 



In doing this calculation the computer package GAMMA [71] proved to be very useful. 
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We compute the action of J, 



jSi\s2\ai---aio J 



si\s2\ai---aio 
(4) 



by projection, as in (jK23]) . with the result 



10 r 

"3 



ragaiosi jS2\ai---as 



(1) 

2960 ^ 640 



3 

10880 



Xb Si yS2 ^ I 



2800 



■6 si 



3 

~'~ g "^2 '^i'""9^ ''lO 

640 

640,,^^ T., 3520 

+405^;r\,...„,,^,. 



r 



2 ^aia2 (13 ■110 
l^S2 



S2 



1280 . 

g "ai-"- a2 - aio 



'5aira2-aio6^ 



(E.28) 



We note that upon a further level decomposition with respect to these expressions 
for the action of fi(eio) on the vector-spinor representation in the Ag level decomposition 
are consistent with the analogous expressions for the decomposition in eqs. ()B.15P and 
(IB.16p . In particular, we see from (13.150 that 

rlOllOllOai-'-ag 



J, 



(4) 



°'^{4,1) ' 



(E.29) 



where ai = 1, ... ,9, and one can check explicitly that the actions on both vector-spinor 
and Dirac-spinor agree. 



References 

[1] J. Polchinski, Dirichlet-Branes and Ramond-Ramond Charges, Phys. Rev. Lett. 75 
(1995) 4724 [arXiv:hep -th/9510017| . 

[2] L. J. Romans, Massive N=2a Supergravity In Ten-Dimensions, Phys. Lett. B 169 
(1986) 374. 

[3] D. Roest, M-theory and gauged supergravities, Fortsch. Phys. 53 (2005) 119 
|arXiv:hepTh/0408175j . 

[4] K. Bautier, S. Deser, M. Henneaux and D. Seminara, No cosniological D = 11 super- 
gravity, Phys. Lett. B 406 (1997) 49 (arXiv:hep-th/97041311 . 

[5] B. Julia, Group Disintegrations, Invited paper presented at Nuffield Gravity Workshop, 
Cambridge, Eng., June 22 - July 12, 1980. 

[6] B. Julia, Kac-Moody Symmetry Of Gravitation And Supergravity Theories, in: Lec- 
tures in Apphed Mathematics, AMS-SIAM 21 (1985) 335. 



63 



[7] B. L. Julia, Dualities in the classical supergravity limits: Dualisations, dualities and a 
detour via Ak + 2 dimensions, |arXiv:hep-th /9805083|. 

[8] T. Damour, M. Henneaux and H. Nicolai, Eiq and a 'small tension expansion' of M 
theory, Phys. Rev. Lett. 89 (2002) 221601 |arXiv:hep-th/0207267 | . 

[9] P. C. West, Ell and M theory. Class. Quant. Grav. 18 (2001) 4443 
|arXiv:hep-th/010408l] . 

[10] F. Englert, L. Houart, A. Taormina and P. West, The symmetry of M-theories, JHEP 
09 (2003) 020. [arXiv:hep-th /0304206] . 

[11] F. Englert and L. Houart, Q'^^'^ invariant formulation of gravity and M-theories: Exact 
BPS solutions, JHEP 0401 (2004) 002 |arXiv:hep-th/0311255] . 

[12] P. C. West, Very extended Eg and As at low levels, gravity and supergravity. Class. 
Quant. Grav. 20 (2003) 2393 [arXiv:hep-th/0212291] . 

[13] H. Nicolai and T. Fischbacher, Low level representations for Eiq and En, Contribu- 
tion to the Proceedings of the Ramanujan International Symposium on Kac-Moody 
Algebras and Apphcations, ISKMAA-2002, Chennai, India [ arXiv:hep-th/0301017j . 

[14] A. Kleinschmidt, I. Schnakenburg and P. C. West, Very-extended Kac-Moody al- 
gebras and their interpretation at low levels. Class. Quant. Grav. 21 (2004) 2493 
|arXiv:hep-th/0 309198i . 

[15] T. Damour and H. Nicolai, Eleven dimensional supergravity and the Eiq/K{Eiq) sigma- 
model at low ylg levels, in: G. S. Pogoyan, L. E. Vicent and K. B. Wolf (eds.). Group 
Theoretical Methods in Physics (loP Conference Series Number 185), loP Publishing 
(2005) 93 |arXiv:hep-th7041 0245 1 . 

[16] T. Damour, A. Kleinschmidt and H. Nicolai, Constraints and the Eiq Coset Model, 
Class. Quant. Grav. 24 (2007) 6097 !arXiv:0709.2691l [hep-th]]. 

[17] S. de Buyl, M. Henneaux and L. Paulot, Hidden symmetries and Dirac fermions. Class. 
Quant. Grav. 22 (2005) 3595 |ar Xiv:hep-th/0506009j . 

[18] T. Damour, A. Kleinschmidt and H. Nicolai, Hidden symmetries and the 
fermionic sector of eleven-dimensional supergravity, Phys. Lett. B 634 (2006) 319 
|arXiv:hep-th/0512163] . 

[19] S. de Buyl, M. Henneaux and L. Paulot, Extended Eg invariance of 11-dimensional 
supergravity, JHEP 0602 (2006) 056 larXiv:hep-th/0512292]. 



64 



A. Kleinschmidt and H. Nicolai, IIA and IIB spinors from K{Eiq), Phys. Lett. B 637 



(2006) 107 [arXiv:hep-th/0603205l . 



T. Damour, A. Kleinschmidt and H. Nicolai, K{Eiq), supergravity and fermions, JHEP 



0608 (2006) 046 arXiv:hep-th/0606105 



A. B. Borisov and V. I. Ogievetsky, Theory of dynamical afRne and conformal symme- 
tries as gravity theory of the gravitational field, Theor. Math. Phys. 21 (1974) 1179 
[Teor. Mat. Fiz. 21 (1974) 329]. 

P. C. West, Hidden superconformal symmetry in M theory, JHEP 0008 (2000) 007 
|arXiv:hep-th700 05270| . 

F. Riccioni and P. C. West, The En origin of all maximal supergravities, JHEP 0707 
(2007) 063 [arXiv:0705.0752] [heo-th]]. 

E. A. Bergshoeff, I. De Baetselier and T. A. Nutma, En and the embedding tensor, 
JHEP 0709 (2007) 047 [ arXiv:0705. 1304 [hep-th]]. 

F. Riccioni and P. C. West, Eu-extended space-time and gauged supergravities, JHEP 
0802 (2008) 039 [arXiv:0712.1795i [hep-th]]. 

J. Gomis and D. Roest, Non-propagating degrees of freedom in supergravity and very 
extended G2, JHEP 0711 (2007) 038 [arXiv:0706.0"667l [hep-th]]. 

E. A. Bergshoeff, J. Gomis, T. A. Nutma and D. Roest, Kac-Moody Spectrum of 



(Half-)Maximal Supergravities, JHEP 0802 (2008) 069 [ar Xiv:0711. 2035 [hep-th]]. 

A. Kleinschmidt and D. Roest, Extended Symmetries in Supergravity: the Semi-simple 
Case, JHEP 0807 (2008) 035 [a rXiv:0805.2573,. [hep-th]]. 

H. Nicolai and H. Samtleben, Maximal gauged supergravity in three dimensions, Phys. 
Rev. Lett. 86 (2001) 1686 |arXiv:hep-th/0010076] . 



B. de Wit and H. Samtleben, Gauged maximal supergravities and hierarchies of non- 
ahelian vector-tensor systems, Fortsch. Phys. 53 (2005) 442 arXiv:hep-th/0501243]. 



B. de Wit, H. Nicolai and H. Samtleben, Gauged Supergravities, Tensor Hierarchies, 
and M-Theory, JHEP 0802 (2008) 044 [ arXiv:0801.1294. [hep-th]]. 

E. Bergshoeff, O. Hohm, A. Kleinschmidt, H. Nicolai, T. Nutma and J. Palmkvist, Eiq 



and gauged maximal supergravity, JHEP 01 (2009) 020 |arXiv:0 8l0.5767 [hep-th]]. 



65 



T. Damour, S. de Buyl, M. Henneaux and C. Schomblond, Einstein billiards and 
overextensions of finite-dimensional simple Lie algebras, JHEP 0208 (2002) 030 
|arXiv:hep-t h70206125| . 

I. Schnakenburg and P. C. West, Massive IIA supergravity as a non-linear realisation, 



Phys. Lett. B 540 (2002) 137 |arXiv :hep-th/0204207|. 

A. Kleinschmidt and H. Nicolai, Eiq and 50(9,9) invariant supergravity, JHEP 0407 
(2004) 041 | arXiv:hep-th/0407101j . 

P. C. West, The IIA, IIB and eleven dimensional theories and their common En origin, 
Nucl. Phys. B 693 (2004) 76 [arXiv:hep-th/0402140| . 



F. Englert, L. Houart, A. Kleinschmidt, H. Nicolai and N. Tabti, An Eg multiplet of 



BPS states, JHEP 0705 (2007) 065 |arXiv:hep -th/0703285| . 

E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend, Duality 
of Type II 7-branes and 8-branes, Nucl. Phys. B 470 (1996) 113 [arXiv:hep-th/9601150] 

P. S. Howe, N. D. Lambert and P. C. West, A new massive type IIA supergravity from 



compactification, Phys. Lett. B 416 (1998) 303 [ arXiv:hep-th/9707139] . 

I. V. Lavrinenko, H. Lu and C. N. Pope, Fibre bundles and generalised dimensional 
reductions. Class. Quant. Grav. 15 (1998) 2239 |arXiv:hep-th/9710243l . 

A. L. Diffon and H. Samtleben, Super gravities without an Action: Gauging the Trom- 
bone, larXiv:0809.5180l [hep-th]. 

T. Fischbacher, The structure of Eiq at higher Aglevels: A first algorithmic approach, 
JHEP 0508 (2005) 012 |ar Xiv:hep-th/0504230j . 

F. Giani and M. Pernici, N = 2 Supergravity In Ten-Dimensions, Phys. Rev. D 30 
(1984) 325. 

I. C. G. Campbell and P. C. West, iV = 2 D = 10 Nonchiral Supergravity And Its 
Spontaneous Compactification, Nucl. Phys. B 243 (1984) 112. 

M. Huq and M. A. Namazie, Kaluza-Klein Supergravity In Ten-Dimensions, Class. 
Quant. Grav. 2 (1985) 293 [Erratum-ibid. 2 (1985) 597]. 

I. V. Lavrinenko, H. Lu, C. N. Pope and K. S. Stelle, Superdualities, brane tensions 
and massive IIA/IIB duality. Nucl. Phys. B 555 (1999) 201 [arXiv:hep-th/9903057] 



66 



[48] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest and A. Van Proeyen, New formulations 
of D = 10 supersymmetry and D8 - 08 domain walls Class. Quant. Grav. 18 (2001) 
3359 |arXiv:hep-th/ 0103233| 

[49] E. Bergshoeff, Y. Lozano and T. Ortin, Massive branes, Nucl. Pliys. B 518 (1998) 363 
|arXiv:hep- tfi/971211 5]. 

[50] E. Bergslioeff, M. de Roo, B. Janssen and T. Ortin, The super D9-hrane and its 
truncations, Nucl. Phys. B 550 (1999) 289 | arXiv:hep-th/9901055] . 

[51] A. Kleinschmidt and H. Nicolai, IIB supergravity and Eio, Phys. Lett. B606 (2005) 
391 [arXiv:hep-th/0411225| . 

[52] T. Damour, M. Henneaux and H. Nicolai, Cosmological billiards, Class. Quant. Grav. 
20 (2003) R145 (arXiv:hep-th70212256| . 

[53] A. Kleinschmidt and H. Nicolai, Maximal supergravities and the Eiq coset model. Int. 
J. Mod. Phys. D 15 (2006) 1619. 

[54] M. Henneaux, D. Persson and P. Spindel, Spacelike Singularities and Hidden Symme- 
tries of Gravity, Living Rev. Rel. 11 (2008) 1 [a rXiv:0710.1818> [heo-th]]. 

[55] V. G. Kac, Infinite dimensional Lie algebras, Cambridge University Press (Cambridge 
1995) 

[56] A. Kleinschmidt and H. Nicolai, Gradient representations and afRne structures in AEn, 
Class. Quant. Grav. 22 (2005) 4457 |arXiv:hep-th/0506238|. 

[57] P. C. West, En, SL{32) and central charges, Phys. Lett. B 575 (2003) 333 
|arXiv:hep-th/0307098j . 

[58] C. Teitelboim, Supergravity And Square Roots Of Constraints, Phys. Rev. Lett. 38 
(1977) 1106. 

[59] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin and F. Riccioni, IIA ten-forms 
and the gauge algebras of maximal supergravity theories, JHEP 0607 (2006) 018 
|arXiv:hep-th/0602280] . 

[60] D. H. Peterson and V. G. Kac, Inhnite Bag varieties and conjugacy theorems, Proc. 
Natl. Acad. Sci. USA, 80 (1983) 1778. 

[61] V. L Ogievetsky, Infinite-dimensional algebra of general covariance group as the closure 
of finite-dimensional algebras of conformal and linear groups, Lett. Nuovo Cim. 8 (1973) 
988. 



67 



[62] T. Curtright, Generalized Gauge Fields, Phys. Lett. B 165 (1985) 304. 

[63] X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations 
of GL(D,R): Duality and Poincare lemma Commun. Math. Phys. 245 (2004) 27 
|arXiv:hep-th/02Q8058] . 

[64] J. Scherk and J. H. Schwarz, How To Get Masses From Extra Dimensions, Nucl. Phys. 
B 153 (1979) 61. 

[65] P. J. Olver, Differential hyperforms I, Univ. of Minnesota Math, report 82-101 (1982) 
[pre-print on http://www.math.umn.edu/~olver/xtra.html 

[66] C. M. Huh, Duality in gravity and higher spin gauge helds, JHEP 0109 (2001) 027 
|arXiv:hep-th/0107149]. 

[67] M. Dubois- Violette and M. Henneaux, Tensor fields of mixed Young symmetry type 
and N-complexes, Commun. Math. Phys. 226, 393 (2002) [arXiv:math/0110088] . 

[68] X. Bekaert, N. Boulanger and M. Henneaux, Consistent deformations of dual for- 
mulations of linearized gravity: A no-go result, Phys. Rev. D 67 (2003) 044010 
|arXiv:hep-th/0210278] . 

[69] N. Boulanger and O. Hohm, Non-linear parent action and dual gravity. larXiv:0806. 27751 
[hep-th]. 

[70] A. J. Nurmagambetov, Non-linear parent action and dual N=l D=4 supergravity, 
|arXiv:0807.3563l [hep-th]. 

[71] U. Gran, GAMMA: A Mathematica package for performing T-matrix algebra and Fierz 
transformations in arbitrary dimensions, ,arXiv:hep-th/0105086| 



68 



